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ABSTRACT

We present a statistical study of the filamentary structure orientation in the CO emission observations obtained in the Milky Way
Imaging Scroll Painting survey in the range 25.◦8< l< 49.◦7, |b| ≤ 1.◦25, and −100< vLSR < 135 km s−1. We found that most of the
filamentary structures in the 12CO and 13CO emission do not show a global preferential orientation either parallel or perpendicular
to the Galactic plane. However, we found ranges in Galactic longitude and radial velocity where the 12CO and 13CO filamentary
structures are parallel to the Galactic plane. These preferential orientations are different from those found for the Hi emission. We
consider this an indication that the molecular structures do not simply inherit these properties from parental atomic clouds. Instead,
they are shaped by local physical conditions, such as stellar feedback, magnetic fields, and Galactic spiral shocks.
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1. Introduction

The cold molecular gas is the main reservoir from which stars are
formed in the Milky Way and in similar spiral galaxies (see, for
example, Kennicutt & Evans 2012; Dobbs et al. 2014; Molinari
et al. 2014). For that reason, the study of the molecular gas struc-
ture is crucial for any understanding of the star formation process
(see Ballesteros-Paredes et al. 2020; Chevance et al. 2020, for a
review). In this Letter, which is a follow-up to the atomic hydro-
gen (Hi) analysis presented in Soler et al. (2020), we report the
study of the filamentary structures in the emission from carbon
monoxide (CO), one of the primary tracers of molecular gas.

The main focus of CO emission studies has traditionally
been molecular clouds (MCs), which correspond to objects of
between a few and hundreds of parsecs in size as defined by their
spectral and spatial association (see, for example, Larson 1981;
Solomon et al. 1987; Heyer et al. 2009; Miville-Deschênes et al.
2017). The estimated MC properties, such as velocity line width,
size, virial mass, and luminosity, are used to evaluate the dynam-
ical state of the molecular gas and the interplay of turbulence and
self-gravity in the molecular phase of the interstellar medium
(ISM). More recently, special consideration has been given to
elongated structures called giant molecular filaments (GMFs),
which range between 10 and 300 pc in length and 1 to 40 pc in
width (Goodman et al. 2014; Ragan et al. 2014; Wang et al.
2015, 2020a; Zucker et al. 2015; Abreu-Vicente et al. 2017).

Such GMFs can potentially trace the global spiral structure, such
as arms and spurs, and large concentrations of molecular gas.

This Letter is devoted to studying two statistical properties
of the CO emission without reference to particular objects, such
as MCs or GMFs. The first property is the presence of elongated
structures in the emission maps, which we characterize using the
Hessian matrix, a tool broadly used in the study of Hi and other
ISM tracers (see, for example, Polychroni et al. 2013; Planck
Collaboration Int. XXXII 2016; Schisano et al. 2014; Kalberla
et al. 2016). The second property is the orientation of the elon-
gated structures, which we evaluate by using the tools of circular
statistics (see, for example, Batschelet 1981).

The main goal of this study is the comparison with the results
of the same type of analysis applied to the HI observations in The
Hi/OH/Recombination (THOR) line survey of the inner Milky
Way (Beuther et al. 2016; Wang et al. 2020b). Soler et al. (2020)
report that most of the filamentary structures in the Hi emis-
sion are aligned with the Galactic plane. However, they also find
ranges in Galactic longitude and radial velocity where the Hi
filamentary structures are primarily perpendicular to the Galac-
tic plane. These are located: (i) around the tangent point of the
Scutum spiral arm and the terminal velocities of the molecu-
lar ring near l≈ 28◦ and vLSR ≈ 100 km s−1, (ii) toward l≈ 35◦
and vLSR ≈ 50 km s−1, (iii) around the Riegel-Crutcher cloud, and
(iv) toward the positive and negative terminal velocities. A com-
parison with numerical simulations indicates that the prevalence
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of horizontal filamentary structures is most likely due to large-
scale Galactic dynamics. The vertical structures may arise from
the combined effect of supernova (SN) feedback and strong mag-
netic fields (Hennebelle 2018; Smith et al. 2020). To test if the
trends found in the Hi emission are also present in the molec-
ular gas, we applied the Hessian matrix analysis to the 12CO,
13CO, and C18O observations from the Milky Way Imaging
Scroll Painting (MWISP) survey (Su et al. 2019).

2. Data and methodology

2.1. The Milky Way Imaging Scroll Painting (MWISP)

The MWISP project is a high-sensitivity survey of the northern
Galactic plane observed with the Purple Mountain Observatory
13.7 m telescope (Sun et al. 2018; Su et al. 2019). In this work
we used the published data from the survey in the region within
25.◦8< l< 49.◦7 and |b|< 5.◦2, although we exclusively considered
the range |b|< 1.◦25 to match the range of the Hi data in the Soler
et al. (2020) analysis.

The 12CO(J = 1−0), 13CO(J = 1−0), and C18O (J = 1−0)
lines are simultaneously observed by the nine-beam Supercon-
ducting Spectroscopic ARray (SSAR) receiving system (Shan
et al. 2012). The full-width half maximum (FWHM) of the
observations is 49′′ at the 12CO frequency and 51′′ at the 13CO
and C18O frequencies, respectively. A total bandwidth of 1 GHz
with 16 384 channels provides a velocity coverage of 260 km s−1

and a spectral resolution of 61 kHz, equivalent to velocity sepa-
rations of about 0.16 km s−1 for 12CO and 0.17 km s−1 for 13CO
and C18O. This velocity coverage includes the portion of neg-
ative radial velocities (vLSR < 0 km s−1), which is excluded in
other high-resolution CO surveys of the Galactic plane, such
as the Boston University-Five College Radio Astronomy Obser-
vatory Galactic Ring Survey (GRS; Jackson et al. 2006) and
the FOREST Unbiased Galactic plane Imaging survey with the
Nobeyama 45 m telescope (FUGIN; Umemoto et al. 2017). In
this Letter we have used these data, which we smoothed and
re-gridded to the THOR Hi 1.5 km s−1 spectral resolution by
using the tools in the spectral-cube package in astropy
(Astropy Collaboration 2018) The results obtained at the native
spectral resolution are presented in Appendix A.

The typical root-mean-square (rms) noise levels are about
0.5 K for 12CO and 0.3 K for 13CO and C18O, respectively. The
final data products are position-position-velocity (PPV) cubes
constructed from a mosaic with a spatial grid spacing of 30′′. We
projected these data into the 10′′ ×10′′ spatial grid of the THOR
Hi data by using the reproject package, also from astropy.

2.2. The Hessian matrix method

We applied the method described in Soler et al. (2020) to the
MWISP CO observations. For each position of an intensity map
corresponding to vLSR = v, I(l, b, v), we estimated the derivatives
with respect to the local coordinates (x, y) and built the Hessian
matrix,

H(x, y) ≡
[
Hxx Hxy
Hyx Hyy

]
, (1)

where Hxx ≡ ∂
2I/∂x2, Hxy ≡ ∂2I/∂x∂y, Hyx ≡ ∂2I/∂y∂x, Hyy ≡

∂2I/∂y2, and x and y are related to the Galactic coordinates
(l, b) as x≡ l cos b and y≡ b, so that the x-axis is parallel
to the Galactic plane. We obtained the partial spatial deriva-
tives by convolving I(l, b, v) with the second derivatives of a

two-dimensional Gaussian function. In practice, we used the
gaussian_filter function in the open-source software pack-
age SciPy. To match the results of Soler et al. (2020), we
selected a derivative kernel with a 120′′ FWHM. The results
obtained with different derivative kernel sizes and ∆v selections
are presented in Appendix A.

The two eigenvalues (λ±) of the Hessian matrix were found
by solving the characteristic equation,

λ± =
(Hxx + Hyy) ±

√
(Hxx − Hyy)2 + 4HxyHyx

2
· (2)

Both eigenvalues define the local curvature of the intensity map.
In particular, the minimum eigenvalue (λ−) highlights filamen-
tary structures or ridges, as detailed in Planck Collaboration Int.
XXXII (2016). The eigenvector corresponding to λ− defines the
orientation of intensity ridges with respect to the Galactic plane,
which is characterized by the angle

θ =
1
2

arctan
[

Hxy + Hyx

Hxx − Hyy

]
· (3)

We estimated an angle θi j for each of the m× n pixels in a veloc-
ity channel map, where the indices i and j run over the pixels
along the x- and y-axis, respectively. This angle, however, is only
meaningful in regions of the map that are rated as filamentary
according to selection criteria based on the values of λ− and on
the noise properties of the data.

We conducted the Hessian analysis in 2◦ × 2◦ tiles and
across velocity channels, both at their native resolution and at
∆v = 1.5 km s−1 for the comparison with THOR Hi data. In each
tile, we selected the filamentary structures based on the criterion
λ− < 0. Additionally, we selected regions where I(l, b, v)> 3σI ,
where σI corresponds to the rms noise presented in Sect. 2.1.
Following the method introduced in Planck Collaboration Int.
XXXII (2016), we further selected the filamentary structures
depending on the values of the eigenvalue λ− in noise-dominated
portions of the data. For that purpose, we estimated λ− in five
velocity channels with low signal-to-noise ratios and determined
the minimum value of λ− in each of them. We used the median
of these five λ− values as the threshold value, λC

− . We employed
the median to reduce the effect of outliers, but in general the
values of λ− in the noise-dominated channels are similar and
this selection does not imply any loss of generality. We exclu-
sively considered regions of each velocity channel map where
λ− <λ

C
− , which corresponds to the selection of filamentary struc-

tures with curvatures in I(l, b, v) larger than those present in the
noise-dominated channels.

Once the filamentary structures were selected, we used the
angles derived from Eq. (3) to study their orientation with respect
to the Galactic plane. For a systematic evaluation of the prefer-
ential orientation, we applied the projected Rayleigh statistic (V)
(see, for example, Batschelet 1981), which is a test to determine
whether the distribution of angles is nonuniform and peaked at a
particular angle. This test is equivalent to the modified Rayleigh
test for uniformity proposed by Durand & Greenwood (1958) for
the specific directions of interest θ= 0◦ and 90◦ (Jow et al. 2018),
such that V > 0 or V < 0 correspond to preferential orientations
parallel or perpendicular to the Galactic plane, respectively. It is
defined as

V =

∑n,m
i j wi j cos(2θi j)√∑n,m

i j wi j/2
, (4)
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where the indices i and j run over the pixel locations in the two
spatial dimensions (l, b) for a given velocity channel and wi j is
the statistical weight of each angle θi j.

The values of V lead to significance only if there is suffi-
cient clustering around the orientations θ= 0◦ and 90◦. The null
hypothesis implied in V is that the angle distribution is uniform
or centered on a different orientation angle. In the particular case
of independent and uniformly distributed angles, and for a large
number of samples, values of V ≈ 1.64 and 2.57 correspond to
the rejection of the null hypothesis with a probability of 5%
and 0.5%, respectively (Batschelet 1972). A value of V ≈ 2.87
is roughly equivalent to a 3σ confidence interval. In our appli-
cation, we accounted for the spatial correlations introduced by
the telescope beam by choosing wi j = (∆x/D)2, where ∆x is the
pixel size and D is the diameter of the derivative kernel that we
selected to calculate the gradients. We note, however, that the
correlation across scales in the ISM makes it very difficult to
estimate the absolute statistical significance of V . Further details
on the significance of V are presented in Appendix B.

3. Results

The outcome of the Hessian analysis of the MWISP data is
summarized in Fig. 1. The amount of emission that is classi-
fied as filaments varies throughout the l and vLSR, but it cor-
responds to up to 60% of the area in some tiles, as further
illustrated in Appendix A. The first compelling result of this
analysis is the fact that the majority of the tiles with significant
CO detections show V > 0, which suggests a preference for the
filamentary structures to be parallel to the Galactic plane. How-
ever, only 26% and 9% of the valid 12CO and 13CO tiles show
V > 2.87, which is the 3σ threshold that indicates an unequivo-
cal preference for the structures to be aligned with the Galac-
tic plane. Fewer than 1% of the tiles show V <−2.87, which
is the corresponding threshold that indicates the preference for
the filamentary structures to be perpendicular to the Galactic
plane. According to that statistical significance criterion, the
large majority of the filamentary structures have no preference
to be either parallel or perpendicular to the Galactic plane, with
|V |< 2.87 in roughly 73% and 90% of the valid 12CO and 13CO
tiles, respectively. The C18O emission is in general less extended,
and only 23 of the 1710 tiles with significant detections show
|V |> 2.87, which is insufficient for a global comparison. These
percentages do not change significantly when a higher detec-
tion threshold in the CO emission is selected, as illustrated in
Appendix A. There are no significant preferential orientations
in the integrated emission (moment-zero) maps, as also shown
in Appendix A.

Most of the V > 0 values appear in the vLSR > 0 km s−1 range,
and there is no apparent correlation between the filament ori-
entation and the velocities associated with spiral arms. For
vLSR < 0 km s−1, the trend in V is less homogeneous and there is
a variety of positive and negative V values. Most of the tiles with
negative values of V , which corresponds to filamentary struc-
tures perpendicular to the Galactic plane, are found in the veloc-
ity range between the Perseus and the Outer spiral arms.

Figure 2 shows the maps of the tiles with the extreme pos-
itive and negative V values in 12CO, which correspond to the l
and vLSR indicated in the top panel of Fig. 1. The panel show-
ing the maximum value of V , which corresponds to mostly hor-
izontal structures, shows that the trend does not correspond to a
monolithic filament parallel to the Galactic plane, but rather to
a set of structures from which it is difficult to guess the position
of the Galactic disk. The panel showing the minimum value of

Fig. 1. Projected Rayleigh statistic (V) corresponding to the orientation
of the filamentary structures identified in the 2◦ × 2◦ tiles and across
velocity channels in the THOR Hi and MWISP 12CO and 13CO obser-
vations. The overlaid curves correspond to selected spiral arms from
the model presented in Reid et al. (2016). The plus sign (+) and the
cross (×) mark the tiles with the highest and the lowest V , respectively,
whose maps are shown for reference in Fig. 2. The star symbols mark
the positions of the SN remnant W44.

V , which corresponds to mostly vertical structures, shows struc-
tures that are reminiscent of the intermediate-velocity clouds
identified by Soler et al. (2020) at the terminal velocities in Hi
emission.

Figure 1 shows that the tiles with the most prominent V < 0
value in Hi do not have a similar behavior in 12CO and 13CO.
This is further illustrated in Fig. 3, which shows that the rela-
tively large V values found for the Hi emission, in the l and vLSR
ranges mention in Sect. 1, are not found in the 12CO or 13CO
emission. The right-hand-side panel of Fig. 3 also indicates that,
in general, the largest values of V are found at vLSR < 0 km s−1

for Hi and vLSR > 0 km s−1 for 12CO. This trend is also present in
13CO, but with fewer valid tiles in the vLSR < 0 km s−1 range. The
comparison of the V values in 12CO and 13CO, presented in the
right-hand-side panel of Fig. 3, indicates that there is a general
agreement in the orientation of the structures sampled by the two
tracers, but the dominant filament orientation in one of them is
not indicative of the orientation in the other.

4. Discussion

Our general results indicate that the alignment of the filamentary
structures in the 12CO and 13CO emission with the Galactic plane
is not very significant in the 25.◦8< l< 49.◦7 range. This observa-
tion is an indication of a potential selection effect in the gen-
eral trends found for the GMFs, which appear aligned with the
Galactic plane (see Zucker et al. 2018, for a review). This selec-
tion effect may potentially be related to GMF identification via
visual inspection of the extinction maps, which is biased toward
the densest and most conspicuous structures. Furthermore, this
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Fig. 2. Results of the Hessian analysis in the 2◦ × 2◦ tiles of the MWISP 12CO observations with the maximum (top) and minimum (bottom) values
of V , which can be interpreted as a tile dominated by horizontal structures and a tile dominated by vertical structures, respectively. Left: intensity
map. Center: map of the eigenvalue of the Hessian matrix identified as λ− in Eq. (2), which is used to characterize the filamentary structures in the
intensity map. Right: map of the orientation angles evaluated using Eq. (3) after the selections by I and λ− introduced in Sect. 2.2.

Fig. 3. Comparison between the values of the projected Rayleigh statistic (V) in the THOR Hi and the MWISP CO observations. The two colors
correspond to the positive and negative radial velocities. The dotted lines mark the 3σ significance thresholds in V .

indicates that the general Galactic-plane alignment of the fila-
mentary structures identified by Li et al. (2016) in the dust ther-
mal emission toward the inner Galaxy, −60.◦0< l< 60.◦0, may be
the product of the line-of-sight integration or a selection effect
introduced by that particular tracer.

The results presented in Fig. 1 show significant differences
between the CO filamentary structure orientation at vLSR < 0 and
at vLSR > 0 km s−1. If we consider kinematic distances, positive
vLSR values in this l range correspond to objects within roughly
10 kpc of the Sun and negative values to objects that are farther
away. Thus, it is plausible that the observed trends correspond
to the flaring of the disk in the outer Galaxy (Lozinskaya &

Kardashev 1963; Levine et al. 2006). However, this should also
affect the Hi filaments, which is not what is observed. Alterna-
tively, it may be the result of the mapping of many of the den-
sity structures in position-position-position (PPP) space being
crammed into the same velocity channel in PPV, an effect called
velocity crowding (see, for example, Beaumont et al. 2013). This
effect is more acute at vLSR > 0 km s−1 due to the overlap of at
least two distance ranges in the same radial velocity, even if we
assume purely circular motions.

Another compelling result of our analysis is the variation in
filament orientations along the l and vLSR corresponding to the
Perseus and Outer spiral arms. If the filamentary structures are
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bone-like feature of the spiral arms, as could be the case for some
GMFs (Goodman et al. 2014), these variations are potential
indications that segments of the spiral arm are being disrupted
(Tchernyshyov et al. 2018). While one could expect alignment
of the GMF at the spiral shock, the observations may correspond
to features farther downstream, which could be torqued into mis-
alignments by the action of turbulence in the spiral arm (see, for
example, Kim et al. 2006). Testing whether or not these varia-
tions in filament orientation are indicative of the dynamic spiral
arm structure calls for further studies based on numerical simu-
lations and synthetic observations.

The scatter plots presented in Fig. 3 show a general lack of
correlation in the orientation of the Hi and CO filamentary struc-
tures. There can be several reasons for this dissimilar behavior.
First, the line widths of the 13CO emission are narrower than
those of the Hi, and it is possible that we are washing away part
of the orientation of the filaments by projecting both data sets
into the same spectral grid. This effect, however, is not domi-
nant in the orientation of the structures, as expected from the
CO line width distributions (see, for example Riener et al. 2020)
and confirmed by the results of the analysis at the native veloc-
ity resolution of 0.16 km s−1 presented in Appendix A. Second,
the much larger filling factor of the Hi makes it unlikely that
most of its structure is related to that of the less-filling molecu-
lar gas, even if there is a considerable amount of diffuse CO gas
(Roman-Duval et al. 2016). Thus, although there is a morpho-
logical correlation of the Hi and the 13CO, as quantified in Soler
et al. (2019), the filamentary structure in the Hi emission is not
necessarily related to that of the CO, simply because they are
tracing different objects. However, when evaluating comparable
scales, the Hi and the CO can appear decoupled, as shown, for
example, in the structures studied in Beuther et al. (2020) and
Syed et al. (2020).

Both the Hi and CO are subject to the same large-scale grav-
itational potential, which establishes the Galactic plane as the
main axis of symmetry. Thus, the difference in the orientations
of the structures sampled by each tracer can be assigned to more
localized physical conditions, such as self-gravity, magnetic
fields, or stellar feedback. The aforementioned processes affect
each of the ISM phases in a different way and depend on the
Galactic environment (see, for example, Dale 2015; Krumholz
et al. 2019; Hennebelle & Inutsuka 2019).

One clear illustration of dissimilar filament orientations in
the atomic and molecular tracers is found toward W44, a promi-
nent SN remnant whose position and central velocity are marked
in Fig. 1. While the vicinity of this region is dominated by verti-
cal filaments in Hi, the orientation of the CO filaments remains
mostly parallel to the Galactic plane. This can be the result of the
limited effect of SN feedback on disrupting the dense molecular
gas, either due to the lack of clustering or to the location of the
explosion (Hennebelle & Iffrig 2014; Walch et al. 2015; Kim &
Ostriker 2017; Tress et al. 2020).

In general, the Hi is less dense and can be more readily
structured by the Galactic fountain mechanism (Shapiro & Field
1976; Bregman 1980; Fraternali 2017; Kim & Ostriker 2018).
This is supported by our findings around the aforementioned SN
remnants and at the terminal velocities, where the vertical Hi
clouds identified as the “extraplanar” Hi gas falling into the disk
(Shane 1971; Lockman 2002) do not have a counterpart in CO.
The CO gas is denser and less prone to being structured by this
mechanism, instead being shaped by the increases in density and
extinction that lead to the formation of molecules (Reach et al.
1994; Draine & Bertoldi 1996; Glover & Mac Low 2011).

The difference in the orientation in the Hi and CO filaments
can also be produced by interstellar magnetic fields. The HI gas
is typically magnetically subcritical, and its structure tends to
appear parallel to the magnetic field lines (Clark et al. 2014;
Planck Collaboration Int. XXXII 2016). A significant portion of
the molecular gas traced by CO is magnetically supercritical, and
its structure tends to appear perpendicular to the magnetic field
lines (Planck Collaboration Int. XXXV 2016; Fissel et al. 2019;
Heyer et al. 2020). Therefore, it is plausible that the magnetic
field geometry has a more pronounced effect on the Hi filaments
than on the CO ones.

The degree to which stellar feedback or magnetic fields are
responsible for the observed filament orientations remains to be
quantified. But so far our results are in tension with a linear sce-
nario in which there is a direct causal relation between Hi and
CO filaments. The formation mechanisms of the CO filaments
remain to be determined, as does their relation to the atomic gas
reservoir.

5. Conclusions

Our statistical study of the filamentary structures in atomic
and molecular tracers indicates that, in general, the Hi and the
CO structures do not show the same preferential orientation.
This result suggests that the molecular structures do not simply
inherit these properties from parental atomic clouds but rather
are exposed to different physical conditions that may decouple
them from the preferential orientation imposed by the Galactic
plane. Moreover, the lack of agreement indicates that physical
processes, such as magnetic fields, SN feedback, and Galactic
spiral shocks, significantly affect the Hi distribution and, conse-
quently, the gas available for star formation. However, they do
not directly determine the global molecular gas structure.

The statistical analysis presented in this Letter offers insights
into the general distribution and the coupling of the ISM phases.
It provides a broader characterization of the data that does not
correspond to a simplified model of the ISM structure but rather
to the trends identified in the observations. This analysis com-
plements object-based theoretical studies and provides a natural
way to reduce the complex interaction of scales and physical
processes in the ISM.
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Appendix A: Hessian matrix method applied to the
native resolution CO data

We present the results of the Hessian analysis applied to the inte-
grated emission (moment-zero) maps in Fig. A.1. The values of
|V |< 2.87 indicate that there is no preferential orientation in the
filamentary structures in the moment-zero map.

In the main body of this Letter, we consider the orientation
of the CO emission structures in a spectral grid that matches the
THOR Hi data, ∆v = 1.5 km s−1. For the sake of completeness,
we present the results corresponding to the MWISP native reso-
lution in Fig. A.2 and for two intensity thresholds, I > 3σI (left)
and I > 5σI (left).

We have also presented the results of the filament orienta-
tions in term of the projected Rayleigh statistic (V). For the
sake of completeness, here we present the result in terms of
the mean orientation angle (〈θ〉), shown in Fig. A.3. Addition-
ally, we present the percentage of each 2◦ × 2◦ tile covered by
structures classified as filaments in Fig. A.4.

Fig. A.1. Projected Rayleigh statistic (V) obtained for 2◦ × 2◦ tiles in
the integrated (moment-zero) emission maps from the THOR Hi and
MWISP 12CO and 13CO observations. The horizontal dashed lines cor-
respond to V =±2.87, which is roughly equivalent to a 3σ confidence
interval in that statistic of an angle distribution.

Fig. A.2. Projected Rayleigh statistic (V) corresponding to the orientation of the filamentary structures identified in the 2◦ × 2◦ tiles and across
velocity channels in the MWISP CO survey with detection thresholds I > 3σI (left) and I > 5σI (right). The overlaid curves correspond to selected
spiral arms from the model presented in Reid et al. (2016).
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Fig. A.3. Same as Fig. A.2 but for the mean orientation angle (〈θ〉).

Fig. A.4. Same as Fig. A.2 but for the percentage of the tile area that is
covered by structures classified as filaments.

Appendix B: Uncertainty in the projected Rayleigh
statistic

The uncertainty on V can be estimated by assuming that each
orientation angle θi j derived from Eq. (3) is independent and uni-
formly distributed, which leads to the bounded function

σ2
V =

2
∑n

i j wi j

[
cos(2θi j)

]2
− V2∑

i j wi j
, (B.1)

as described in Jow et al. (2018). In the particular case of iden-
tical statistical weights, wi j = w, σ2

V has a maximum value of w.
We also estimated σ2

V by directly propagating the Monte Carlo
sampling introduced in Appendix A of Soler et al. (2020). This
method produces slightly higher values than those found using
Eq. (B.1), most likely because it accounts for the correlation
between the orientation angles in the map.
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