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overview

complete set of bi-orthonormal basis functions
Frmik(z,y,v) = Sp(R) e™? {1,(v|R)

with (2, ) sky position and v line-of-sight velocity and

5nn’5mm’5kk’ — / dx dy dv ank (LB, Y, U) Fn’m’k’ (LC, Y, U)

5(213—(17/) 5(?/ y Z ank *CU y Y, U ank (xla y/7 U/)
nmk
allow to expand

F(z,y,v) = Y  Crmk Sn(R) €™ {1 (v| R)

nmk

with (e.g. for an N-body model)
Cnmkz — Z T ; ank (337;, Yi, UZ?L)
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usage in dynamical modelling of discrete data

|. log-likelihood approach:
modify model to maximise £ = Z Inp;

with J ( )2
V — U
pi = F(x;,y;,v) %, €xp ( 202] )

J

=> requires velocity error convolution ()

2. generalised moment fitting:

z : Cnmk,model — Cnmk,data

modify model to minimise x° =

o)
ok L nmk

2
UV — Uy
nmkdata Zank LjyY5,0U ) :vexp( ( 20_23) )

J

with

=> requires velouty error de-convolution (=)



radial basis functions: Sersiclets
Sersic (1963) profile:

L(R) = 3 e MR/ RO

ansatz for radial basis functions:
So(R) = Su(R) = I,(R) B, (€) with &= 2b[R/Ro)"/™

gives the bi-orthogonality relation

Ot /OO d€€* e  B(§) Bv(§) with o =2n, —1
0

of the Laguerre polynomials
1 d

Ln($> — ae xr @(e
=> Sersiclets of Andrae, Melchior & Jahnke (2011)

Sp(R) = Sp(R) o< I;(R) Ly, (&)

—x$n+a)



radial basis functions: Sersiclets

problem:

too much resolution at R < Ry

Sersiclets for n =4
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=> Andrae et al.: more complicated model for lowest order

alternatively:

| generalise

2 allow

s(ns, )

IW(R) —

27TR(2)
Sn(R) # Sn(R)

Ry

=> requires fully numerical treatment
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radial basis functions: beyond Sersiclets

I,(R) = Séfi%) (5) o~ D[R/ Ro] /"

the ansatz:

S.(R) =1,(R)B,(§) and S,(R)=¢"e179% 8, (R)
with v >0 and 2(1—7)n,+05>0
again leads to Laguerre polynomials:

Sn(R) o< I, (R) Ly =0 4071 (cg)

=> more general lowest order (parameters g, 15, Y)
=> more flexible higher order (parameters c, 3)
=> still fully analytical (recursive computation etc.)

=> useful if truncation at large radii as in Sersic profile



radial basis functions: beyond Sersiclets

new parameters allow to

adapt resolution
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radial basis functions: beyond Sersiclets
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fit of Plummer with Sersiclets (n; = 0.6,c=1,8=0,7 = 0)



radial basis functions: double power law models

double power law model:

v () (|

ansatz:

R

Ro

Sn(R) = Ip(R) B,(€§) and

with

¢ = B R

R" + Ry

17

+1

gives the bi-orthogonality relation

2(1—"p) 1

1
b [ g (1465

—1

For

Z(£) = (1—€) (14£)P0 = 200+50 (g))ﬂﬁo <

(1=¢)
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radial basis functions: double power law models

the bi-orthogonality relation becomes

S O / A€ (14" (1-¢) R (€ P (6)

with @ = 2(Veo — 1)/ — 14+ agand B =2(1—"9)/n— 1+ By
bi-orthogonality relation of Jacobi polynomials

pefa) = TN gy gyt L)t (1)

2"n)! dr
Wlth Oé,ﬁ > _1 ’i°e°
ap > 2(1 — vso) /1 Bo > 2(vo —1)/n

thus S, (R) = I,(R) P3P (¢)

=> |lowest-order parameters: Ry, V0, Yoo, !
=> higher-order parameters: «q, 3o

=> useful for power-law fall-off



radial basis functions: double power law models
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azimuthal harmonics

complex harmonics exp(ime): computationally awkward
trigonometric harmonics cos mgo, sinmgo: special case m = 0
=>use cas(x)=cosx +sinx

then

27T
/ do casmao casm’'d = 270,
0

=> no complex numbers, no special cases, self-conjugate

(basis of Hartley transform: real-valued alternative to Fourier)



velocity profile: GauB3-Hermite
well-known from LOSVD modelling

le(v) < Hy(C)e™¢ /2 with ¢ = (v —1g)/00

error convolved basis functions

(v—0;)?

gk(vj,aj):/ dve %7 {y(v)

— O

obey recursion relation (no need for numerics)
error de-convolution also possible analytically

=> useful for log-likelihood & moment fitting



velocity profile: Ga

expanding f(v) = (1 — v?)%/2
expansion may obtain f < (

expansion has f # 0
outside escape velocity

1

uf3-Hermite

T

0,=0.289
0,=0.500
<0 for 0.0002

c,=0.289
0,=0.289
f<0 for 3e—-05




velocity profile: GauB3-Hermite

eXpanding f(v) — (1 — U2)9/2 - 0,=0.289

br 7,=0.200
f<0 for 3.1e—-06

expansion may obtain f < ( “osh

expansion has f # 0 031 .

outside escape velocity _ooos -

depending on parameters % ol




velocity profile: powers
basis functions
0e(v) x (1—w)™? (14w)"? PP (u) for w=v/ve € [-1,1]

lowest order has mean & dispersion velocity

b —« o and o2 — 3(a + 2) (6 + 2) 2
a+pf+4 (a+p+4)*(a+p+6) °

which can be inverted to give

Q, ﬁ — (Ug . 62)(2}6 + ?_J) — (31}6 T @)0-2

2
=> parameters U.,U,0

VvV —

Ve O

=> zero outside escape velocity
=> error convolution must be done numerically

=> error de-convolution impossible



Mass profile of Fornax dSph
constraints from its GCs

with Mark Wilkinson & David Cole



DM profile of Fornax dSph % Wi

® modelling dynamical friction on Fornax 5 GCs
® assume S plausible halo models

Projected stellar velocity dispersion versus radius
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® normalise models by stellar velocity dispersion (no fit)
® cored model as suggested by Walker & Penarrubia (201 I)
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DM profile of Fornax dSph % Wi

modelling dynamical friction on Fornax 5 GCs
assume 5 plausible halo models

GC consistent with stellar distribution
lightest GC furthest away => dynamical friction at work

for each GC:assume line-of-sight position z € [0,2kpc]

sky velocities assuming f=—0.33 o = 10.5 km/s
many (7/00) simulations per halo model

GC logMge  Mge r. rp Flos Vios

C

L 5 Mo)*  (10°Mo)® (po)® (kpe)  (kpe)  (kms)?
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DM profile of Fornax dSph % Wi

® modelling dynamical friction on Fornax 5 GCs

® results for cuspy and cored halo models
'best—fit’ model with ¥(100pc)=1.3
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DM profile of Fornax dSph % Wi

® modelling dynamical friction on Fornax 5 GCs
® results for cuspy and cored halo models

steep—cusp model with ¥(100pc)=1.0
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DM profile of Fornax dSph

® modelling dynamical friction on Fornax 5 GCs

results for cuspy and cored halo models

intermediats—cusp model with ¥(100pc)=0.5
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with D. Cole, J. Read
& M.Wilkinson



DM profile of Fornax dSph % Wi

® modelling dynamical friction on Fornax 5 GCs
® results for cuspy and cored halo models

shallow—core model with ¥(100pc)=0.1
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DM profile of Fornax dSph % Wi

® modelling dynamical friction on Fornax 5 GCs
® results for cuspy and cored halo models

large—core model with ¥(100pc)=0.1
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DM profile of Fornax dSph % Wi

modelling dynamical friction on Fornax 5 GCs
for cuspy halo models:
massive GCs sink into core of Fornax in = 2 Gyr

—> either Fornax has no cuspy halo

—> or GCs have just arrived (would expect more M-segratation)
—> or GCs are near peri-centre of their orbits

for shallow cored halo models:

in 2Gyr massive GCs sink by factor ~3-4 for most orbits

—> Fornax may have a shallow core & GCs are sinking slightly
—> GCs have been farther out in past

for large-core halo (very flat inner profile):

GCs don’t sink (‘dynamical buoyancy’)

—> GCs have settled at edge of core (would not expect M-seg.)



