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Outflows & Jets: Theory & Observations
Brief introduction to MHD

MHD concept: ionized, neutral, single fluid: average quantities: ] = qeﬁe Pe T C]j’lj} Pi
Ideal MHD: “frozen-in” field lines:

-> mass flux couples to magnetic flux

-> matter moves “along” the field lines

MHD Lorentz force: F_’L . ]_’ % B
MHD equations (can only be solved numerically):
Op+ V-(pv) =0
p (8,0 + (0-V) )+ VP + pVd — jx B=0
p(ie + (V-V)e) + P(V-v) = np|j*/=0
0,B =V x (U x B—npj/c)
V-B=0, VxB-4nj/c

(note non-ideal MHD resistive term of magnetic diffusivity)



Outflows & Jets: Theory & Observations
Brief introduction to MHD

MHD concept: 1onized, neutral, single fluid: average quantities:

Ideal MHD: “frozen-in” field lines
— — —
MHD Lorentz force: FL ~ % B

Axisymmetric jets:

-> poloidal, toroidal field components: B = Bp + B¢
-> magnetic flux surfaces: \Ij( R, Z ) ~ EP . d /Y
b T
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-> (de/) accelerating: FL,|| = j1 X By
-> (de- llimating: n 7 >
> (de-) collimating FL,L:]H < B



Outflows & Jets: Theory & Observations

MHD theory

Three approaches to describe an ionized gas

-> 1) test particles
-> 2) plasma physics (two fluid components)
-> 3) MHD (one fluid approach)

S€C €.Z2. . http://www.plasma-universe.com/index.php/Plasma-Universe.com



Outflows & Jets: Theory & Observations

MHD theory

[
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1) ions & electrons (L 058 Bectron
spiral along magnetic field v ST el - L]
> > a0 i g Ly R | o
Lorentz force : F'=gvX B Aice 0 Magnetic Field Line
Emitted Photons :

gyro radius / Larmor radius :
r L =V tan/ Q L

gyrofrequency/ cyclotron frequency : (2, =e B/m o i

-> gas is “magnetized” if characteristic length scale L>r,
-> gas moves on “straight” trajectories if L <Kr,

i =1L

magnetized plasma if &,=r, /L

-> magnetization parameter (e,1): O



Outflows & Jets: Theory & Observations

MHD theory
Electron
| o [ ]
1) ions & electrons i te-j'f;-ru:-i'.;r.:?; . ' Magnetic Field Line
-> examples:
AGN jet (IC 4296): B~10uG,v~c,~0.005¢c,—r,=0.03cm
ISM, protons: B~3u G,1017€V,—>FL=3O pc

Galactic field, protons: B~uG, 10" eV ,—r,=3kpc

-> UHE Cosmic Rays ~ 10°' eV, origin unknown;

particles escape if L <<r,

-> estimate of maximum energies in generation process

-> Radiation from gyrating articles: cyclotron & synchrotron emission, Bremsstrahlung
hot AGN jet plasma -> relativistic motion of particles y < 1000

-> compare to relativistic bulk motion of jet I" < 10

See Larmor radius calculator @ http://pps.coe.kumamoto-u.ac.jp/streaming/PulsedPower/formulary/cal-Ir.html



Outflows & Jets: Theory & Observations
MHD theory

2) plasma physics: -> many particles -> statistical theory -> collective forces

see http://farside. ph. utexas. edu/teachi ng/ pl asma/l ectures/| ectures. htn

-> Quasi-neutrality: number densities n,~n,~n

o . . 1
-> Plasma kinetic temperature (in energy units): k7T, ,;=— me,l-< v2>

3
thermal speed for Tl-:Te:T: vth,e,iE\/sz/me,i

-> Plasma frequency: collective dynamic behaviour: charge separation: 0 =end x=—¢, £

> electrostatic oscillation in electric field: m P Sx=eE.=—m(w, )2 5 x
-> electron plasma frequency: !
(w, J=4mn,elm, , w, [s']=5.64x10"n,"*[cm

-> most fundamental time-scale in plasma physics
-> observable only if 1) oscillation period << life time of system:

2) external forcing slower than ®_p
> if L<v lh/ W ,-> plasma behaviour not detected, particles escape

> critical distance: Debye length A ,=(kT/ m)llzwz,l << L for aplasma



Outflows & Jets: Theory & Observations

MHD theory

2) plasma physics
-> Debye shielding: calculate average Coulomb force by charged particles:

-> Coulomb potential of test charge Q
-> without plasma: &= Q/r
-> within plasma: polarization: charge density 6 = q (n' —n)
(undisturbed and disturbed density of charges n and n')
-> Poisson equation: AP =-47mc — 41 Q 4(r)
-> thermodynamic equilibrium:
Boltzmann distribution of charged particles: n'=n eXp( —(q &/ kT )
-> Boltzmann potential & should be local potential (not averaged)
‘exp(—q®/kT))#exp(—q|®|/kT)
-> Taylor expansion (far from charge Q): <exp (—q @/kT)> =1-lq @/kT>
and o=—nq ®/kT



Outflows & Jets: Theory & Observations
MHD theory

2) plasma physics

d 1
-> solution of Poisson equation — (r)= — (ro)
dr rp

with B.C. & —>Q/r for r->0
® —> 0 for r-> infinity

gives &=(Q/r)exp(—r/A,)

Debye length: AD :( kKT 14T1cn qz)l/z

A,=743T"n""?cm

Alr, ,=220Bn '"

-> self-shielding distance, plasma charges “screen out” test charge

-> collective behaviour of particles, works if A, << L



Outflows & Jets: Theory & Observations

MHD theory

2) plasma physics

. 41T 3
Debye number, Debye sphere: Np=n 3 Ap

-> for N_D >> 1: collective behaviour; for N_D < 1: independent particles
plasma parameter : A=1/N D

1onisation degree = relative number of 1ons and atoms: C= ni/ n,

-> depends on ionizing processes 0 b
-> in thermodynamic equilibrium: only temperature-dependent:: n—’ ~g,exp (_k_]l“)
2 kT m,)>? a
Saha equation: S ( 3 exp(P,/kT)

1-C nh’

> C ~ 0.01% sufficient to behave as plasma

mean free path: A=vy /vCO” , typical distance between collisions

ColleP(ln A/A)

collisionless plasma for A > L, e.g. coupling by magnetic field
collisions -> help establishing Boltzmann distribution

Alem]=1.44%10"(InA)n/(kT,)’[eV,cm ]

thermal

collision-dominated plasma for A << L, typically v



Outflows & Jets: Theory & Observations

MHD theory
2) plasma physics
-> summary of

parameters of

different plasmas
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Outflows & Jets: Theory & Observations

MHD theory

2) plasma physics

-> summary of parameters of

different plasmas
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ELECTRON DENSITY
Electrons per cubic centimetre
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RANGES OF PLASMAS

Flames

hrc mosphere

Centre of Sun
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Solar corona

Magnetos

lenosphere

Solar

10°| Interstellar
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TEMPERATURE
Plasma Ne T B ApD Np w, Vee W, rr
() (K) (1) (m) (s7H) (7Y (s (m)
Gas discharge 10%° 100 — 10-* 10* 10% 107 — —
Tokamak 102 10 10 0% 10% 10%%  10% 102 10°°
[onosphere 0 10 107 107 10° 10%  10° 10° 1071t
Magnetosphere 107 107 107% 107 10 10> 10=®% 10*  10%
Solar core 0% 107 10~ 1 ot 10t — —
Solar wind 10° 10> 107Y 10 10t 10° 107¢ 102 10%
Interstellar medium 10° 104 10719 10 101 104 10—° 10 10*
Intergalactic medium | 1 10 — 10° 10 102 108 — —




cquations « aerivations arter

Outflows & Jets: Theory & Observations J.R. Graham, UC, Berkeley;
MHD theory Astronomy 202: Astrophysical
Gases

2) plasma physics: fluid model, kinetic theory

-> plasma physics: closure of Maxwell equations
by expressions for charge density pc and electric current density
in terms of E and B
by microscopic distribution functions for each plasma species
-> define F_s(r, v, t) as microscopic phase-space density of plasma species s
near point (r,v) at time .

F_s normalized to particle density in coordinate space: f F.(r,v,t)d*v = n,(r, 1),

dF,
-> phase space conservation requires: Y +v-VF, +a, V,F, =0,

while a, = Es (E+wv x B)  isacceleration of species s in B and E

&5

-> averaging over ensemble: f_s = < F_s >_ensemble (a average plus collision operator):

df,
ot

+v -Vf,+a, V.f. = C.(f). -> Cs extremely complicated

fs +v-Vf,+a,-V.f.=0 -> for simplicity (Vlasov equation)
at &5 L3 (A0 .1 -




Outflows & Jets: Theory & Observations
MHD theory

2) plasma physics: kinetic theory, moments of distribution function
density (1° order): ﬂs(r:t:] = ffsf:r,v,t) r:fsv,
flux density (1* order): 71, V,(r,t) = fv fs(r, v, t} d*v.  Vsis flow velocity
charge density (1 order) : Z EsTls;  electric current density (1% order): Z e;mn; V ;.
nd . P,(r,t) = vv f.(r,v,t)dv
stress tensor, momentum flow (2" order): sty Mg siL, ¥, -
1 2 3
energy flux density (3" order): Q,[I‘,ﬂ = Em, v v f,[r, v, t] d-w.
1
2 3
heat flux density (rest frame): qs(r,i] = fﬁms w, W, fs{f:"‘-r:f] d™v.

pressure tensor (rest frame): pE(r,i] = fm, W, W, fs(r,v,t] EEE"U, w,=v— V,,

3 1
moments in diff. frames: Qs = q,+p, -V, + §_p5 V., + Emsn, V, ‘V,.

similar for collision operator ...



Outflows & Jets: Theory & Observations
MHD theory

2) plasma physics: moments of kinetic equation, fluid equations

For each species -> obtain fluid equations by taking moments of ensemble-avaraged

0fs
kinetic equation a—"i +V- {""-f f.s] + Vg - f:ﬂ,s f.s:] = Gs(f -

continuity equation: E;I"‘ +V-(n,V,) =0.
t

momentum conservation: 0 l:msns VE]

+V-P,—en,(E+V,xB)=

ot .
d /3 1 5
energy cons.: 5 (5315 + Emﬁn5 V. ) +V-Q,—en,E-V,=W,+V, -F,.
-> fluid equations by re-arrangement using pressure tensor, P
n&
heat flux density etc .... ------------—-—- >eg — +n, V-V, = [

-> closure of equations: express viscosity tensor, heat flux

density, collisional terms in terms of density, velocity, pressure ...

-> hydrodynamic equations (for each species)



Outflows & Jets: Theory & Observations

MHD theory

3) MHD equations

-> derived from two-fluid plasma equations under certain simplifications:
-> m_1 >> m_e ; v_i~v_e ~v_thermal; charge neutrality

-> merge two-fluid equations to get one-fluid equation

. V; Vv .
example: velocities V = i Vi e = j=-—nelU, U=V_.-V;

m; + M, _
> V; >~V + O(m./m;), V:EV—']——l—E](mE).
ne T
on on
-> from thatand o + V:(nV.) and 5r T+ V:(nV;) and V-j=0
dr

follows continuity equation: % +nV-V=0, d/dt=8/0t+ V-V

-> similar for equation of motion (add two-fluid equations, total pressure p=pe+pi)

A
M — - +Vp—jxB =0



Outflows & Jets: Theory & Observations
MHD theory

3) MHD equations

One-fluid equations + Maxwell equations; resistive; eq. of state needed for closure

continuity equation equation of motion

\

“no monopoles” / Ampere's law induction equation

plus: equation od state, eg. polytropic or isothermal gas



Outflows & Jets: Theory & Observations
MHD theory

3) MHD equations, flux freezing

Alfven's theorem (1943): “In a perfectly conducting fluid,
magnetic field lines move with the fluid: field lines are
"frozen” into the plasma.”

-> A motion along magnetic field lines does not change the c

field, motions transverse to the field carry the field with them.

dB —
Integrate induction equation -~ = V X (v X B). with Gauss' theorem L V- AdV = j;_ A - d5,

v:m-&s:fa-dl,

(S 1s closed surface enclosing volume V) and with Stokes' theorenJ o

5

(C is a closed curve around the open surface S; d8 = fdS with the outward unit normal fl)

(i) Since forall time V"B =10 > 0= f

V- -BdV = f B - dS, Wi, (closed surface S)
v 5

(ii) Time behaviour of the magnetic flux ® through closed curve C, around an open surface S1:
d = B(r,t)-dS.
51
® changes in time since B = B(t) and since curve C changes in response to plasma motions.



Outflows & Jets: Theory & Observations
MHD theory

3) MHD equations, flux freezing




Outflows & Jets: Theory & Observations

MHD theory

3) MHD equations, flux freezing

(iii) curve C moves with the fluid to curve C ' within &t
motion of surface enclosed by C to surface enclosed
by C' generates volume V enclosed by surface S

(iv) total flux through closed surface S in (iii): At time t+0t, when B(r, t+0t), we have
0 = [, .4 Blr,t+ §t)-dS,

— Jelpse

= JppBlr,t +48t)-dS+ [, B(r,t+dt)-dS+ [ B(r,t+d)-dS,
= [mBlr,t + §t)-dS — [, B(r,t + §t)-dS + [ .. Blr,t+ §t) - dS.
(v) Consider contribution to the total flux from curved side. A small element of length on the
curve C traces out the shaded region. Then dS is given by the outward normal, Tx times
the area of shaded region. This area 1s approximately the area of parallelogram with sides

dl and vdt. Hence, on the side dS = dl x n §t. Thus,
0= B(r,t+ §t)-dS— f B(r,t + §t) - dS + f B(r,t + §t) - dl x wvii.
o e e

B[r,t+5t]-d5=fB[r,t+Jt]-dS—thB[r,t+5t]-dlx1r,
o & &

-> flux through curve C' at t+0t is equal to flux through curve C
minus contribution from sides



Outflows & Jets: Theory & Observations

MHD theory

3) MHD equations, flux freezing

(vi) Change in flux in time is difference ® (t+0t) — P(t):

L E(t+ + §t) through & — #(t) through &,
Jo. Bir,t + §t) - dS — [ B(r,t)-dS.

With *** (2.41): §& = f [B[r,t + 4t} —f B[r,t]] -dS — th B(r,t + dt) -dl X v.
c c c
Small 8t -> approximate integrand in surface integral: B(r,¢+ §t) — [, B(r,t)-> §:3B jot

-> J-i-:.ﬂf Z—?-ds-ﬁjvxﬂ-dl.(idemity B:(dlxv)=v-(Bxdl)=(vxB)-dl)
o o

(vi1) w/ induction eq.: % _'fg? X (vx B)-dS — jﬂv X B)- dl,
Jov X B)-dl = [ (v XB]-dl, on using Stoke's theorem,
0.

As ot -> 0, E — dj., thus @ does not change in time, a2 = d {f B-d’S} =0,
dt dt di  dt LJg

where C is any closed contour moving with the fluid.
=> Field lines are frozen into the plasma!



Outflows & Jets: Theory & Observations

MHD theory

MHD waves
-> define dynamical time scales // transport information /energy

-> linearize MHD equations, using Q -> Qo + Q; Qo: equilibrium quantity, Q: perturbed q.

dp

0 (p FF‘) A% (VxB)xB
—[£-=£) =0 oV L vp— 5 =0
ot (Pﬂ Po Po ot + ?p Lo

-> look for wave-like solutions of linearized MHD equations, Q ~ exp( k*r — ot) :

—wp+pkV _ wB+k x (V x By) _0
_m(ﬂ_r—p) -0 —wpV +kp— EXB) X B =0
Hq
Po Fo

=== p(posv)s p(posv)s B(Bo,V)
-> Ssubstitute into linearized e.o.m.:

B T

Po Ha Po


http://e.o.m/

Outflows & Jets: Theory & Observations
MHD theory

MHD waves

--> Define e.g. Bo || ez, wave-vector Kk in x-z plane, 6 is angle between Bo and k
--> eigenvalue equation:

I
Alfven speed - and sound speed Vs = F_Pn
0

--> eigenvalue equation solvable if determinant of square matrix vanishes
--> dispersion relation:

(W’ — KV, cos”8) |w* — w? K (V" + Vi?) + K* V,* Vi® cos” 6] = 0.



Outflows & Jets: Theory & Observations

MHD theory

MHD waves
Three independent roots:
1)  w=kV,cos, eigenvector (0,V,,0), k-V=0 , V-Byg=0

T

-> shear Alfven wave; no perturbation of plasma density; motion | field

}1,4’2

Note that V, > V_, eigenvector (Vz,0,V.) k-V#0, V -By#0

2) w=kV,, 3) w=kV_,

with Vi = {% [VAE + Vi £ \/{Vf + Vg?)2 —4V,2V,? cos? 8

-> perturbations in density / pressure, motion || and _| to magnetic field
-> fast magnetosonic wave (2) and slow magnetosonic wave (3)

For limit V4 2 Vg (strong field), slow wave dispersion reduces, w ~ k Vs cos 8.
-> sound wave along magnetic field lines



Outflows & Jets: Theory & Observa“*——-
MHD theory

MHD waves

O N W b A4 A

il

A O Y A Y Y I

B! | | |

L

Phase velocities of
3 MHD waves; low
plasma-p with Vs < Va



Outflows & Jets: Theory & Observations
MHD theory

Stationary axisymmetric MHD
First (?) presented by Chandrasekhar (1956):

-> Interesting setup for jets and outflows -> essential properties drop out naturally

-> Example: derivation for Ferraro's law of isorotation:

1) use cylindrical coordinates (r,0,2)

2) decompose vectors in poloidal (meridional plane), & toroidal components (¢-component)
3) stationary Faraday's law: V X E = 0 --> potential field: E=VU
4) axisymmetry: Fy = (
5) infinite conductivity: Ohms law: E=—-%xB
6)since By =0 --> 1, xﬁp: o ﬁp||§p aﬁp:m(R,Z)B’p
--> poloidal velocity parallel to poloidal field
7) mass conservation & stationarity --> V( p?)p) =

8) for K(R,Z) >0 = V(ph;B é B, - V(pk) -> 1 = pK concerved along field lines

9) introduce magnetic flux function:

U(R, Z) = /B dA_—/BRdcbdR



Outflows & Jets: Theory & Observations
MHD theory

Stationary axisymmetric MHD

-> exemple: derivation for Ferraro's law of isorotation

9) Introduce magnetic flux function: V(R,7) = ZL f _‘p .dA = i f B, RdopdR,
s

— — — 1
10) We have further ¥ X B =14 X B, + U, X By = i (‘U¢, — EBZ;,) Vv

- 1
11) With MHD condition 5) and Faraday'slaw: 0=V X £ = V¥ x V (E (fu(;, — ﬂqu,))
i

12) Thus the quantity Qp = (% — % B¢) /R is conserved along the field line y, /

A
S

-> Ferraro's law of isorotation, iso-rotation parameter,

“angular velocity of field line”
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MHD theory

Stationary axisymmetric MHD

Conservation laws of stationary MHD:

U L o=
Mass flow rate per flux surface: ?’}(\I’) = po sgn(vp . Bp)
p

—

. . THAT . THAT .
M(T + AT) — M(T) = [y 07, - dA = [D nB,-dA

Field line iso-rotation: Q) F(\I‘) = ! (’U¢ — @qu)

0
2 RB,Qp(T
Energy conservation: FE (\If) — % _ T ﬁn(iz[f) )




Outflows & Jets: Theory & Observations
Stationary MHD - the solar wind

Example: Parker wind

Parker's (1958) prediction: solar corona not in static equilibrium -> expansion

(later confirmed by satellite missions)

Parker model of solar wind: stationary, spherically symmetric, hydrodynamic, isothermal

->

mass conservation: Y (/OV) =0
momentum conservatior 2(V * V)v =—VP + pg
assumptions: P = pRT, T =1,, v=vr, ¢ = —GMO/?”Z

. d (.2 2
mass conservation: E(T /0”U) =0 —— r°pv = const.

radial momentum conservation: p’l)% — —Cfi—}: — %ﬁ
applying isothermal sound speed: Cs = (P / /0) 1/2; P = C?/O
dv __ 2dp GM,p
> PV = Csqr 2



Outflows & Jets: Theory & Observations
Stationary MHD - the solar wind

Example: Parker wind

dv __ 2 2 d(l) GM,

-> applying mass conservation -> U Ir —C . TV 17

-> wind equation -> (]_ —

-> integrate analytically / numerically:
-> critical wind solution:
critical point:

ro = GM,/c?

3 IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

-> V =0Cs
-> critical point = sonic point

-> solar parameters: >
-> T = 1076 (corona) v/Cs
cs = 100 km/s 1
rs= 10ro0

v(1AU) =310 km/s (pred.)
v(1AU) =320 km/s (obs.)

L




Outflows & Jets: Theory & Observations
Stationary MHD - the solar wind

Example: Solar wind / Weber & Davis (1967)

-> magnetized solar wind; magnetic wind equation: Alfven Mach number M_A =v/v_A
-> stellar rotation essential; magnetic field removes angular momentum -> stellar braking
-> radial momentum conservation:

d . 2 pa(pDV‘l_GM@ _ve 1 d .
dr; ' Yy—1 pa\p r }_ r 81rp1'2dr(rB¢)

-> magnetic wind equation:

_‘_i_ﬁ . 3‘_ ; ( Z'YPa GMO
dr r paMA“?"”

+92r2(£;- 1)[(MA2+ 1 )“ﬁa-— 3M 42+ 1] }

2 29—-1
(o it -1 )]

-> additional critical points / singularities:
-> slow magnetosonic point / Alfven point / fast magnetosonic point
determine critical solution:
-> v=v.sm at r=r sm; v=vV A at r=r A; v=v_fm at r=r_fm

20 ) (M 42— 1)




Outflows & Jets: Theory & Observations
Stationary MHD - relativistic wind

0.1 T

Example: MHD wind in Kerr metric

--> relativistic treatment of motion and metric:
relativistically defined velocity: Up = Yup/e,

=I.
--> wind equation:
2l o (E % Loks + o 2k M2 — ey M*
U = — — o y Ty Y TR Y
P " o (]{.‘.0 + o M 2)2 " 1 10 100 1000 104
metric: a ) 7'
100 Lot
ko = g33Q% 4+ 2903QF + goo. !
L 10-1 10t
kz — 1 — U(ZFE.. 10-2 E 1018
L L2 ; n Lo
ky = — (57:33 + 25—7035 + goo ﬁ) / (983 — googss) ™ 1 1
. . 10-8 _;, 108
-> 3 critial points 107 ;m,
-> (highly) relativistic velocities al ;
-> MHD condition applicable ?? i 10/



Outflows & Jets: Theory & Observations 4
Stationary MHD - stellar winds

Axisymmetric structure of MHD jets:

force-balance across the field / flux surfaces
-> project eq. of motion to magnetic surfaces a(r,z) :

- consider ¢-component of Ampere's law
- take current density from eq. of motion

Sakurai 1985

-> Grad-Shafranov (GS) equation: (curvature V) | | =7 )
) ——— 1
o p\ ,dy 1 Va Va|” . Va g /) ———
] ——— )4 — AV / — VO f—
( pA) P s p|Val (2;’.{01’2 LA Va| ¢ A
o) g“ / ;
(L) s V() 1) =
a) 7 |Val — pre|Vad| 2 ﬁ.gl’m’/ cross section
-> r.h.s.: poloidal magnetic pressure gradient, “'ﬁ‘;‘iﬁ\ through
. : . <N Hux surfaces
gas pressure gradient, gravity, centrifugal ﬁ“-.'g \ E
force, hoop stress s& '
-> GS contains dynamical parameters (density, Velocity,. —
-> to be calculated by wind equation Sakpirai 1985

-> 1terative procedure for solution (Sakurai 1985)



Outflows & Jets: Theory & Observations
MHD theory -- simulations

Time-dependent solutions
of MHD equations

by numerical simulations

-> Numerical MHD codes:
ZEUS, Flash, Pluto, Nirvana ...

-> apply astrophysical boundary conditions (disk/stellar magnetic field, mass flow rates ....)
-> some advantages:
- time-dependent evolution
- no need to search for critical solutions
- 3D solutions possible
- inclusion of more physics “simple”
(radiation losses, turbulent
viscosity,resistivity ...)

--> some difficulties:
- dynamic range (strong density
contrast, strong gradients)
- computer power limited
(grid size, time resolution)

("0°q) sip Bunejos
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