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Zusammenfassung

Das zentrale Thema dieser Arbeit ist das häufigste Endprodukt der Entwicklung magnetischer

Sterne, die Magnetischen Weißen Zwerge (MWZe). Verbesserte statistische Untersuchungen, die

auf neueren Himmelsdurchmusterungen sowie sehr präzisen Beobachtungen einzelner besonderer

MWZe basieren, bieten die Möglichkeit, verschiedene Hypothesen zur Entwicklung dieser Objekte

zu testen. Im ersten Teil unserer Arbeit identifizieren wir wasserstoffreiche MWZe (DAHs) im

Sloan Digital Sky Survey (SDSS) und untersuchen die Bevölkerungsstatistik aller bekannten DAHs

im SDSS. Zusätzlich untersuchen wir die Entwicklungsgeschichte einiger dieser Objekte mit Hilfe

von Beobachtungen ihrer Doppelsternbegleiter oder aufgrund von deren Mitgliedschaft in Offenen

Sternhaufen. Im zweiten Teil unserer Arbeit untersuchen wir den einzigartigen MWZ REJ 0317-853

mittels Messungen seiner Parallaxe mit dem Hubble-Weltraumteleskop und durch die zeitaufgelöste

Modellierung der Spektren und Polarisationsbeobachtungen. Wir zeigen, daß die Annahme eines zen-

trierten Dipols für die Geometrie des Magnetfeldes für mehr als die Hälfte der untersuchten Objekte

falsch ist; dies gilt insbesondere für den außergewöhnlichen Weißen Zwerg REJ 0317-853, welcher

während einer Rotationsphase ein sehr homogenes Magnetfeld zeigt. Dies wird auch durch die erste

Beobachtung von Zyklotronabsorption im Polarisationsspektrum eines Weißen Zwerges gestützt, die

von uns mit Hilfe eines neuen selbstkonsistenten Models für die physikalische Behandlung dieses

Absorptionsprozesses erklärt werden konnte. Darüberhinaus untersuchen wir den möglichen Einfluß

des Magnetfeldes auf den Massenverlust während der Sternentwicklung und auf die Struktur des

Sternes, was für das Verständnis der Natur des massereichen Weißen Zwerges REJ 0317-853 wichtig

ist.

Abstract

The central theme of this work is the most frequent final stage of the evolution of magnetic stars,

the Magnetic White Dwarfs (MWDs). Improved statistical investigations coming from new surveys

and very precise observations of unique MWDs offer the possibility to test various hypotheses on the

evolution of these objects. In the first part of our work we identify hydrogen-rich MWDs (DAHs) in

the Sloan Digital Sky Survey (SDSS) and investigate the population statistics of all known DAHs

in the SDSS. Additionally, we investigate the evolutionary histories of a few of these objects using

constraints from the observations of their binary counterparts or through their membership in open

clusters. In the second part of our work, we investigate the unique MWD REJ 0317-853, by a parallax

measurement with the Hubble Space Telescope and by time resolved spectro-polarimetric modeling.

We show that the assumption of centered magnetic dipoles for the field geometry is not correct for

more than half of the objects in our sample; this is in particular true for REJ 0317-853 which shows

a very uniform field during one rotation phase. This is validated by the first observation of cyclotron

absorption in the polarization spectrum of a white dwarf, which is explained with a new model for

the self-consistent physical treatment of this absorption process. Furthermore, we study the possible

influence of magnetism on the mass loss during the stellar evolution and on the structure of the

star which is of importance to understand the nature of the massive white dwarf REJ 0317-853.





“Wer baute das siebentorige Theben?
In den Büchern stehen die Namen von Königen.
Haben die Könige die Felsbrocken herbeigeschleppt?”

“Who built Thebes of the seven gates?
In the books you find the names of kings.
Did the kings haul up the lumps of rock?”

Bertold Brecht - “Fragen eines lesenden Arbeiters”
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Introduction

Magnetic White Dwarfs

“Dumpster diving” would be the best way to describe white dwarf astrophysics. As stellar
remnants they are the locked up masses of the galaxy, destined not to contribute anymore to
the galactic evolution which warrants the “dumpster” or “trash” analogy. In fact more than
95-98 percent of the stars in our Galaxy are expected to become white dwarfs, hence as a
population they carry important information on the stellar population and the environment
of their origin. This implies, a better understanding of white dwarfs provides us with an
improved picture of stellar evolution and the population of stars they succeed such as the
globular and open cluster. Investigating the properties of white dwarfs has the potential to
constrain the origin and evolution of our Galaxy (Koester & Weidemann, 1980). According
to the current picture of stellar evolution, low to intermediate-mass hydrogen-burning stars
(0.8− ∼ 9 M⊙) are expected to end their life passively, shedding their envelopes and finally
ending up with electron degenerate cores, unlike the heavier mass stars where the remnants
are formed after a violent explosion (Weidemann, 2000, and references therein).

The interest on white dwarfs transcend the field of stellar evolution since they provide
cosmic laboratories for matter under terrestrially unattainable conditions. Historically the
existence of white dwarfs, have been the macroscopic demonstration of Pauli’s principle
and degenerate matter which obey Fermi-Dirac statistics. This qualifies the discovery of
white dwarfs as the archetypal case for astrophysical tests of contemporary new theories.
The uniqueness of the work of Chandrasekhar (1931), namely applying forefront physics to
astrophysical questions, prompted Landau (1932) to predict the existence of stars supported
by degenerate pressure of atomic nuclei which later became to be known as neutron stars.
In addition to the extreme conditions in the white dwarf cores, at least ten percent of the
white dwarf population show magnetic features up to field strengths 109 G (Wickramasinghe
& Ferrario, 2000). This fact also makes them testbeds for calculations of atomic physics
under the influence of magnetism, since these field strengths are hard to attain under lab
conditions (the current limit for the implosive devices is about 20 MG).

The relatively simple interiors and atmospheres of white dwarfs, allow for precise di-
agnostics of stellar parameters. Although faint, white dwarfs are observable in a large
window of wavelength and this allows direct numerous possibilities for observing he surface
structure. Observations combined with the advances in the spectral modeling of stellar
atmospheres, yield reliable estimations on effective temperatures, surface gravities, element
abundances, and indirectly provide information on masses, radii, and ages. The high ac-
curacy modeling of white dwarf spectra which has confidence to the level of approximately
1% or even better of the absolute flux, prompts interest from various astronomical commu-
nities (Koester, 2002). One of the direct applications is the role white dwarfs as calibration
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standards for spectrographs on spacecrafts such as International Ultraviolet Explorer (IUE),
the Hubble Space Telescope (HST), the Extreme Ultraviolet Explorer (EUVE), the Far
Ultraviolet Explorer (FUSE).

The precise age assessments of white dwarfs designates them as cosmochronometers
(Winget et al., 1987). They can be used for determining the ages of specific populations,
namely clusters or different components of the galaxy; be it thin disk, thick disk or halo.
The usage of luminosity functions of white dwarfs have the potential to not only constrain
the age of our galaxy but also yield information on the stellar formation history and the
initial mass function.

White dwarfs are also identified as the progenitors of Supernova Ia (SNIa) explosions
which are instrumental in observational cosmology due their property as standard candles
(see e.g. Hillebrandt & Niemeyer, 2000). The investigations of white dwarf evolution,
especially for the case of progenitor systems have been a topic of interest for the Supernova
science. Although the underlying principles are well known, the theoretical uncertainties
in the explosion mechanisms of SNIa and the necessity for lightcurve calibrations, provides
further incentive on investigations on the structure of white dwarfs.

One subset of the whole white dwarf population is the class of magnetic white dwarfs
(MWDs). White dwarfs with magnetic field strengths of between 104 and 109 G are under-
stood to represent more than 10% of the total population of white dwarfs if observational
biases are considered (Liebert et al., 2003; Kawka et al., 2007). Although not as exotic as
neutron stars or black holes, they have the advantage of observability at multiple bands.
The existence of circular polarization observations and detailed magnetic modeling enables
the precise investigation of the surface magnetic fields.

There are multiple hypothesis for the origin of these objects. One of them, the “fossil
field” hypothesis suggests that magnetic fields are products of an earlier stage of stellar
evolution. In this picture, the field strengths are amplified due to the contraction of the
core, during which the magnetic flux is conserved to a major extent. From the perspective
of this hypothesis, chemically peculiar Ap and Bp stars were proposed to be the progenitors
of MWDs (Angel et al., 1981).

The “fossil field” hypothesis has certain problems, the most important one being the
incommensurable incidence of the magnetism in different stages of the stellar evolution.
Namely, the inferred incidence of MWDs with respect to the total white dwarf population
outnumbers the incidence of Ap/Bp stars within the A/B population (Kawka et al., 2007).
One other problem of the fossil field hypothesis is the relatively massive nature of the MWDs
(Liebert, 1988; Vennes & Kawka, 2008). While the mean value of the masses of the MWDs
is ∼ 0.93 M⊙, the mean mass of the non-magnetic white sample is ∼ 0.56 M⊙ (Liebert,
1988). It has been suggested that this could be a result of the influence of magnetism
on the mass loss. This possibility was tested by Wickramasinghe & Ferrario (2005) via
population synthesis. Their conclusion was that current number distribution and masses of
high-field magnetic white dwarfs (HFMWDs, B ≥ 106G) are not mainly due to an inclusion
of a modified IFMR but rather by assuming that ∼ 10% of A/B stars have unobservable
small scale magnetic fields.

The competing picture can be lumped into the wide category of dynamos which is
expected to occur; during the red giant phase due to convective motions (Thompson &
Duncan, 1993), during binary mergers of two double degenerates (Ferrario et al., 1997), or
during a Common Envelope (CE) evolution for close binaries (Tout et al., 2008). The most
recent and promising model is based on the CE phase that the cores of giants experience,
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which is expected to occur during the evolution to the cataclysmic variables. During this
phase, the orbital angular momentum is transferred to the envelope as the two cores spiral
in toward each other. This process causes both differential rotation and convection within
the CE, which are the key ingredients of magnetic field generation (see Tout et al., 2008,
and references therein).

This Work

The answer to the question of the origin of MWDs depends on two different approaches: The
first one relies on the analysis of the whole population of MWDs. Secondly, the detailed
analysis of unique MWDs with as many possible observational methods and consistent
physical models. By that proposed formation channels can be tested. In this work we
hope to shed light on the origin of MWDs through new observations, methodology and
theoretical additions to the spectral modeling.

The detailed outline of the thesis is as follows:
We start by describing the necessary theoretical framework to translate the observables

to stellar parameters of white dwarfs. In Chapter 1, we will introduce the basic concepts
through a historical treatise of white dwarfs, magnetic white dwarfs and the spectral clas-
sifications. Then an outline of the theory of white dwarfs will be presented, for the topics
concerning the rest of this work. We will derive the historically important equations of
white dwarf structure and basic cooling theory of white dwarfs, which will be followed by
a discussion on the recent recent developments in the theory of white dwarf evolution. In
the second part of this Chapter, we will introduce the polarized radiative transfer and the
magnetic atmospheric modeling which is the most important tool in this work for estimating
stellar parameters from the observations.

The first necessary ingredient for determining the properties of MWDs as a population,
are most certainly observational data which, at this time provided abundantly by the Sloan
Digital Sky Survey (SDSS). We will undertake the analysis of 97 known (Gänsicke et al.,
2002; Schmidt et al., 2003; Vanlandingham et al., 2005) and 44 new hydrogen-rich MWDs
in Chapter 2. The consistent modeling of a large number of MWDs will provide us with the
opportunity to investigate the distribution of magnetic fields and the magnetic geometry.
This will enable us to test the fossil field hypothesis from the perspective of the field
geometry for the first time. This Chapter is based on Külebi et al. (2009).

The investigation undertaken in Chapter 2 relies solely on the magnetic field and the
effective temperature information of the sample, which is not enough for an investigation of
evolutionary histories. In Chapter 3 we rectify this deficiency by introducing two methods to
estimate the distance of MWDs in the absence of a parallax measurement. These method
enables us to estimate the radius of the MWDs, which in turn can be used to calculate the
mass and the cooling age through theoretical input. We apply the two methods namely,
cluster membership and common proper motion association of the MWDs to apply this
method and discuss their individual evolutionary histories. Part of this Chapter is based on
Girven et al. (2010) and discusses their results in detail.

In Chapter 4 we make a short detour to consider the free-free absorption in the MWD
atmospheres which is important for the continuum spectrum. In this chapter we will pro-
pose using the classical plasma formalism for calculating the properties of the magnetised
atmospheres. With the plasma approach, we will recalculate the cyclotron absorption cross-
sections in the literature which are calculated with various methods and show the consis-
tency of this new method. In the final part of this chapter we implement all the necessary
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ingredients, to calculate the cyclotron absorption cross-section and the magneto-optical
parameters to be used in polarized radiative transfer equations.

Finally in Chapter 5 we will continue to analyze individual MWDs. In this chapter,
which is partly based on Külebi et al. (2010), we will investigate the evolutionary history of
RE J 0317-853 using distance measurements, this time estimated from parallax observations
made by the Hubble Space Telescope. RE J 0317-853 is a record holder in mass, rotation
and level of circular polarization. We will also divulge the new magnetic structure by spectral
modeling, taking advantage of the new treatment of free-free absorption and magneto-
optical parameters. The fits made using the new free-free parameters show conclusively
that the high circular polarization is due to cyclotron absorption which has never been
confirmed in the spectra of MWDs before. We will finish by revisiting the question of the
formation and evolution of RE J 0317-853 in the light of the new analyses.
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Chapter 1

Theory of White Dwarfs

1.1 Introduction

In this chapter we outline the history and the underlying physics of white dwarfs and their
magnetic subpopulation. The historical treatise on white dwarfs in Sec. 1.1.1 is followed
by an introduction on the magnetic white dwarfs in Sec. 1.1.2. In Sec. 1.1.3 we outline
the contemporary observational classifications of white dwarfs, that is elementary for the
discussion of origin and evolution of these objects. The introduction section overall, is
the basis of a thorough discussion on the theory of white dwarfs, namely the white dwarf
structure in Sec. 1.2 and atmospheric modeling of magnetic white dwarfs in Sec. 1.3.

1.1.1 History of white dwarfs

The realization that white dwarfs are a separate class of objects was prompted by the
discovery of 40 Eridani B (40 Eri B) in 1914 by Russell (1914). The position of this object
in the Hertzsprung-Russell (HR) diagram was unexplained for years, since it was positioned
well below the main sequence (Fig. 1.1). It was called ”white” due its color in the optical
bands, and ”dwarf” due to its small radius.

A major question appeared with the discovery of a counterpart to the Sirius; Sirius
B, which seemed to have similar properties (Adams, 1915). The determination of the
spectral type allowed for the estimation of the radius. This information combined with the
known mass of 1 M⊙ of the object allowed for the determination of the mean density as
5 × 104 g/cm−3, which was also supported by the gravitational redshift measurements of
Sirius B (Adams, 1925).

This motivated an investigation into the properties of the material out of which the
white dwarfs consists. The relativistic state of the Fermi state, explaining the physical
properties of these stars. The realization that degenerate electrons are providing the pres-
sure support (Fowler, 1926) led to the application of the relativistic theory of condensed
Fermi matter to white dwarfs (Anderson, 1929; Chandrasekhar, 1931) which led to the
determination of a limiting mass above which there exists no stable configuration.

The unique approach of using cutting edge physics to the astrophysical questions im-
mediately motivated Landau to predict the possibility of a star supported by the degenerate
pressure of atomic nuclei (Landau, 1932) before the discovery of neutrons. Later, the
existence and the structure of neutron stars were conceptualized by Landau (1938); Oppen-
heimer & Volkoff (1939). The application of new physical concepts to celestial problems,
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Chapter 1. Theory of White Dwarfs

Figure 1.1: Hertzsprung-Russell diagram from R. Hollow, CSIRO. The spectral types and effective
temperatures are drawn according to the color index to which they correspond. The position of
white dwarfs are shown below the main-sequence.

became common place after Chandrasekhar, with white dwarfs being the template discovery.

1.1.2 Magnetic white dwarfs

The concept of Magnetic White Dwarfs (MWDs) is as old as the discovery of kilo Gauss
(kG) magnetic fields in the atmospheres of early type stars, which are stronger than the
Sun (Babcock, 1947a,b). These stars are currently known as peculiar A type stars and
by assuming angular momentum conservation during the stellar evolution Blackett (1947)
showed that white dwarfs might harbour field strengths as high as a million Gauss (MG).

This conjecture led to more speculation concerning the detection of these MWDs spec-
troscopically, and Blackett (1947) further argued that the lack of spectral lines in the
spectrum of featureless DC white dwarfs might be attributed to the extreme broadening
of the hydrogen lines in the spectra of hydrogen-rich (DA) stars. Building upon that he
suggested three such stars to be investigated. One of the candidates, GRW+70◦8247 had
very shallow absorption features which were known as Minkowski bands (Minkowski, 1938).
However, the faint nature of GRW+70◦8247 (< 12 mag) postponed the test of magnetism
for two more decades.

During this time, the other two stars, which were bright enough to be tested for mag-
netic broadening, splitting and shift of the lines; Wolf 1346 and 40 Eri B, were observed
and gave negative results for the existence of magnetic effects (Thackeray, 1947; Babcock,
1948). Due to these null observations the search for MWDs fell from fashion, and was not
pursued for decades (Liebert, 1988).

The rejuvenation of the MWD research happened after the discovery of the field
strengths of the neutron stars (Ostriker & Hartwick, 1968; Ginzburg et al., 1969; Chow,
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1.1. Introduction

1969). On the conceptual basis of flux freezing (Cowling, 1945) and amplification of ”fossil
fields“ due to the contraction of the star during stellar evolution, the existence MWDs were
yet again considered.

Due to a lack of a consistent description of atomic transitions at high field strengths, the
theoretical model that enabled Kemp (1970) to confirm the magnetic nature of GRW+70◦8247
was his magnetoemission model (a toy model of harmonic oscillators), which predicted the
level of continuum polarization. For a complete description, a consistent method for the
atomic transition was needed. This was finally developed initially by Roesner et al. (1984);
Greenstein et al. (1985) and then through consistent atmospheric modeling (Wickramas-
inghe & Ferrario, 1988; Jordan, 1992).

Since then ∼200 MWDs is the current number of known MWDs (see Külebi et al.,
2009, and Chapter 2 for a recent count). These MWDs consist not only hydrogen-rich DAs
but also MWDs with helium (Becken & Schmelcher, 2001) and carbon molecules (such as
CH and C2, Berdyugina et al., 2007; Hall & Maxwell, 2008; Vornanen et al., 2010) in their
atmospheres.

1.1.3 Spectral types and evolution

Since the first discovery of Russell (1914) the number of white dwarfs increased to about
1 000 during the 70s. Currently this number has increased considerably up to 10 000 (Klein-
man et al., 2004), which contributes greatly to both investigations which use white dwarfs
and those that try to understand the nature of white dwarfs themselves.

The internal composition of a white dwarf reflects the evolutionary phases of its progen-
itor. Most of the mass of a white dwarf is concentrated inside the core which consists of the
products of He burning, mainly carbon and oxygen. The massive white dwarfs 1.0−1.3 M⊙
most likely have cores composed of oxygen and neon. This core mixture is a result of an
offset carbon ignition which either happens during the evolution of a 9 M⊙ mass star (Ri-
tossa et al., 1996; Garćıa-Berro et al., 1997; Iben et al., 1997) or during a merger of two
white dwarfs (Saio & Nomoto, 2004).

On top of this core small amounts of He and H remnant from the mass-loss phase is
expected to exist. A He layer of 0.01 M⊙ resides under an even thinner layer of hydrogen
of 10−4 M⊙ if H even is present. This layering happens for stars in which radiative transfer
is not effective and heavier atomic species sink deeper due to gravitational settling.

Due to this atmospheric structure, the main body of the white dwarf population can be
separated spectroscopically into two categories according to the chemical component of the
top atmospheric layer. The first group is called hydrogen-rich or DA and they mostly have H
in their atmospheres and in some cases traces of other elements. They make up 85 percent
of all known white dwarfs (Eisenstein et al., 2006). The other H-deficient family makes up
15 percent of all white dwarfs have mostly He in their atmospheres are called non-DAs. They
are divided into subclasses depending on their effective temperatures. The hottest non-DAs
are DO 200 000K ≥ Teff ≥ 45 000K which consist have He in their atmospheres. For lower
effective temperature in the range 30 000K ≥ Teff ≥ 11 000K, neutral He is observed for
the type DB. And finally as with decreasing temperatures, 11 000K ≥ Teff , metals start
to show up in white dwarf spectra for types DC, DQ and DZ. The gap in the temperature
intervals correspond to the “DB gap” where no DB star exists 45 000K ≥ Teff ≥ 30 000K.
There are also peculiar white dwarfs with oxygen rich atmospheres (Gänsicke et al., 2010)
and hot DQs Teff ≈ 20 000K (Dufour et al., 2007, 2008).
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Chapter 1. Theory of White Dwarfs

The correspondence of the effective temperatures and spectral types seems to suggest
that there might be spectral evolution through the lifetime of a white dwarf. Although
some of the these spectral types create problems for the theory of stellar evolution, in
most cases the changing behaviour of the spectral type can be explained as a result of
competing physical processes such as convection, mass-loss, accretion, gravitational settling
and radiative levitation (for a recent review, see Althaus et al., 2010).

The basics of the white dwarf structure, under the assumption of zero temperature, is
explained in Sec. 1.2.1, using the original approach of Chandrasekhar (1931) supplemented
with additional physical effects, such as neutronization and magnetic fields. All of the
calculations are made under the assumption of zero-temperatures and they are sufficient to
explain the mechanical structure of a white dwarf.

However, the total energy of the white dwarfs in fact do change, or simply radiate away
during the life-time of a white dwarf. As we have seen, white dwarfs do in fact have high
temperatures and then gradually cool down, losing internal energy. This behaviour implies
that white dwarfs are not static but rather go through some kind of evolution. Luckily
the degenerate structure of the white dwarfs, simplifies the quantification of the evolution.
More importantly, the question of evolution can be separated into two parts; the total
energy of the star and secondly the rate at which the energy radiates away.

Due to this fact, in the discussion of the theory of white dwarfs and their evolution, in
Sec. 1.2 we begin with a discussion of the structure of white dwarfs and then move to basic
considerations for the cooling of the degenerate core. In Sec. 1.3 we examine white dwarf
radiation with special consideration of magnetic fields in white dwarf atmospheres.

1.2 White Dwarf Structure

1.2.1 Mass-radius relations

One of the most important aspects of the white dwarf structure is the relationship between
the mass and radius of the star. Initially predicted by Chandrasekhar (1931), unlike stars
with non-degenerate matter cores, the radius of white dwarfs decreases with increasing
mass. This is a natural consequence of the pressure support from degenerate electrons.

The solution for the mass-radius relationship is simply reached by using the structure
equation inside the hydrostatic equilibrium. In Chandrasekhar’s method the solution is
reached with the inclusion of the equation of state. However, as the mass of the white
dwarf increases, the gravitational force causes the radius to decrease and thus the density
increases. In this manner, the equation of state becomes relativistic. When the matter
inside is completely relativistic, we no longer have a mass-radius relationship. Rather there
is a limiting mass known as the Chandrasekhar mass, which depends on the chemistry of
the star.

Many important extensions to the mass-radius relationships were made, Hamada &
Salpeter (1961) included realistic chemistry and made electrostatic corrections. Later Os-
triker & Bodenheimer (1968) added the influence of differential and rigid rotation, and using
same self-consistent field formalism (see Ostriker & Mark, 1968) effect of the magnetic
fields Ostriker & Hartwick (1968).

Now we can start discussing the structure of white dwarfs from first principles. We
will assume a zero-temperature and start from the property of the material inside. The
Fermi state, conjectures that the fermions inside the matter occupy the lowest energy level
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1.2. White Dwarf Structure

possible. The application of this type of matter is unique in the fact that degenerate
fermions present a pressure source due to the fact that each electron fills a separate energy
level, according to the Pauli’s exclusion principle. This pressure present the main source of
support for stars which stopped nuclear burning.

The property of the degenerate electrons are defined by their common value for mo-
mentum, that is pF the Fermi momentum which depends on the total number of electrons
per unit volume. The distribution function for Fermi gas is 2/h3, since h is the value
corresponding to unit phase space and for unit space 2 spin levels (up, down) are filled.

f(p) =

{

2
h3 , for p ≤ pF

0 for p > pF

(1.2.1)

From probability density, we can get the number density

ne =

∫ pF

0
f(p) d3p =

∫ pF

0

2

h3
4πp2 dp =

8π

3h3
p3

F (1.2.2)

This equality gives an expression for the Fermi momentum pF ;

pF =

(

3ne

8π

)1/3

h (1.2.3)

For this kind of statistical distribution, the energy can be calculated by integrating
the energy of a single particle convolved with the number distribution of the particles
over all possible momenta. If the energy of a particle is defined as (p2c2 +m2

ec
4)1/2, the

thermodynamic energy becomes:

E = 2
V

h3

∫ pF

0
4πdpp2(p2c2 +m2

ec
4)1/2, xF =

pF

mc
, η =

p

mc

= 8π
V

h3

∫ xF

0
η2(1 + η2)1/2dη

= 8π
V

h3
m4

ec
5 1

8
[(1 + x2

F )1/2(xF + 2x3
F ) − arcsinh(xF)].

Due to our choice of relativistic energy for the single electron, this equation gives
the most general case. From this we can derive the pressure using the thermodynamic
equations. When we write the potential Ω for the grand canonical ensemble (see e.g.
Landau & Lifshitz, 1968)

Ω = −PV = E − TS − µN. (1.2.4)

where P is pressure, T is the temperature, N is the number of particles and S the entropy
which is zero for the degenerate matter and µ is the chemical potential which is equal to
the Fermi energy for our case. This means the pressure is equal to

9



Chapter 1. Theory of White Dwarfs

PV = µN − E

= mec
2(1 + x2

F )1/2N − 8π
V

h3

1

8
[(1 + x2

F )1/2(xF + 2x3
F ) − sinh−1(xF )]

= V
8π

3h3
(m4

ec
5)[(1 + x2

F )1/2 − 3

8
[(1 + x2

F )1/2(xF + 2x3
F ) − sinh−1(xF )]

= V
8π

3h3
(m4

ec
5)

1

8
[(1 + x2

F )1/2(2x3
F − 3xF ) − 3 sinh−1(xF )]

P =
π

3h3
(m4

ec
5)[(1 + x2

F )1/2(2x3
F − 3xF ) − 3 sinh−1(xF )] (1.2.5)

P = Af(x)

A =
π

3h3
m4

ec
5 = 6.01 × 1022, f(x) = (1 + x2

F )1/2(2x3
F − 3xF ) − 3 sinh−1(xF )

This equation gives the most general equation of state for the matter composed of
degenerate electrons at zero temperature. The cases for non-relativistic and relativistic
cases can be found by approximating f(x) for xF ≪ 1 and xF ≫ 1 respectively.

xF ≪ 1

P = A

[

x3
F +

x5
F

2
− 3

(

x3
F

3
+
x5

F

10

)]

≈ A
x5

F

5
xF ≫ 1

P = A

[

x4
F +

x2
F

2
− 3

(

x4
F

4
+
x2

F

4

)]

≈ A
x4

F

4

To reach a familiar polytropic description for the equations of state, we need to sub-

stitute for the dimensionless Fermi momentum using equation 1.2.3 as xF ∝ n
1/3
e ∝ ρ1/3

where ρ is the density. This proportionality between mass and number density, can be
specifically shown as ρ = Hµene, where µe = A/Z is the atomic mass per electron.

ρ = Hµene = Hµe
8πm3

ec
3

3h3
x3

F (1.2.6)

ρ = Bx3
F , B = Hµe

8πm3
ec

3

3h3
.

Then when we insert the densities inside the pressure equations, we reach the familiar
terms for non-relativistic and relativistic equations of state.

Pnon−r = K ′
non−r x

5
F = Knon−r ρ

5/3 (1.2.7)

Pr ≈ K ′
r x

4
F = Kr ρ

4/3 (1.2.8)

10



1.2. White Dwarf Structure

The correspondence to the non-relativistic n = 3/2 and the relativistic n = 3 case
can be seen right away for the polytropic equation of state P = K ρ1+1/n, where n is the
polytropic index.

When the pressure of the Fermi gas inside a white dwarf is known, the stellar structure
can be constructed with the combined use of hydrostatic equilibrium and the structure
equation.

dP (r)

dr
= −ρGM(r)

r2
dM(r)

dr
= −4πr3ρ(r)

which combined, lead to

1

r2
d

dr

(

r2

ρ

dP

dr

)

= −4πGρ(r) (1.2.9)

where G is the gravitational constant. The solution of this differential equation exist in
the form of Lane-Emden equations where the equations of state are polytropic. The most
general solution for the case of white dwarfs are reached with the use of equation 1.2.5.
Plugging in the simple descriptions for pressure and density we reach the differential equa-
tion:

1

r2
d

dr

(

r2

Bx3
A
df(x)

dr

)

= −4πGBx3 (1.2.10)

The left hand side can be simplified as:

1

x3

df(x)

dr
=

8x

(x2 + 1)1/2

dx

dr
= 8

d
√
x2 + 1

dr
. (1.2.11)

When we insert this inside 1.2.10 and change the variable as y2 = x2 + 1;

1

r2
d

dr

(

r2
d
√
x2 + 1

dr

)

= −πGB
2

2A
x3

1

r2
d

dr

(

r2
dy

dr

)

= −πGB
2

2A
(y2 − 1)3/2 (1.2.12)

we arrive at the following differential equation. With a simple change of variables we can
further simplify

y = y0θ, r = αη

y0 =
√
x0 + 1, α =

√

2A

πG

1

By0

1

η2

d

dη

(

η2 dy

dη

)

= −
(

θ2 − 1

y2
0

)3/2

(1.2.13)

and reach a more general version that is close to the Lane-Emden equation. For spe-
cific polytropic indicies the equation is described as Lane-Emden equation, which is solved
numerically by using relevant boundary conditions,

θ|η=0 = 1,
dθ

dη

∣

∣

∣

∣

η=0

= 0. (1.2.14)

11



Chapter 1. Theory of White Dwarfs

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

Mass /M�0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035
R

a
d
iu

s 
/R

� Chandrasekhar solution �e =2
Carbon Hamada-Salpeter
Oxygen Hamada-Salpeter
Silicon Hamada-Salpeter
Iron Hamada-Salpeter

Figure 1.2: Theoretical zero temperature mass-radius relations for white dwarfs. The top curve is
the original solution of Chandrasekhar, for µe = 2 which corresponds to carbon cores. The curves
in color are the zero temperature solutions of Hamada & Salpeter (1961). Notice with increasing
atomic mass per electron, both the overall radii and the limiting Chandrasekhar mass decreases.

However, to understand the behaviour of the radius with respect to the mass, the
solution for a single polytropic index is not appropriate. Each mass shell corresponds to
a different density, hence a different equation state and a different polytropic index. Also
as was previously mentioned, low mass white dwarfs have predominantly non-relativistic
n = 3/2 polytropic indicies and they evolve gradually to ultra relativistic n = 3 white
dwarfs when the limiting Chandrasekhar mass is reached.

The equation 1.2.13 was solved by Chandrasekhar and his numerical values were used
widely for years. The mass-radius relationship calculated by Chandrasekhar is illustrated in
Fig. 1.2.

The same differential equation can be reached by a different method, without the usage
of the mass function, but rather through direct usage of the gravitational potential (see
e.g. Landau & Lifshitz, 1968). This method, which is not parametrized with respect to
Lane-Emden parameters but to the chemical potential, is more instructive to understand
the behaviour the gradient of polytropic indicies per mass shell and can easily be used to
derive physical parameters.

According to the divergence of the gravitational field, the gravitational potential de-
pends on the source term which is the mass within the surface of divergence. Analogous
to the Gauss’ Law, the gravitational potential is described as:

∫

A
g(r) · dA = −4πGM (1.2.15)

where A denotes surface and dA the surface element, g(r) is the gravitational acceleration
which changes according to radius. If all terms are written explicitly with φ being the
potential, we can describe the mass of the whole star as
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1.2. White Dwarf Structure

g(R) = −∇φ = − ∂φ

∂r

∣

∣

∣

∣

r=R

− ∂φ

∂r

∣

∣

∣

∣

r=R

4πR2 = −4πGM

R2 ∂φ

∂r

∣

∣

∣

∣

r=R

= GM (1.2.16)

When we use the differential form of Gauss’ Law, we are able derive an analogue of the
equation 1.2.9. However it is now in terms of potential rather than pressure.

∇2φ = 4πGρ

1

r2
d

dr

(

r2
dφ

dr

)

= 4πGρ. (1.2.17)

To derive an analogue of equation 1.2.10 we need to relate the properties of the matter
to the potential of the star. For material in thermal equilibrium, the total thermodynamic
potential per unit molecule equal to the addition of the field free chemical potential µ0 and
the potential induced by the external field (Landau & Lifshitz, 1968):

µ0(P, T ) + u(x, y, z) = constant (1.2.18)

For white dwarfs the potential is the gravitational potential and the equation becomes

µ+meµeφ = constant (1.2.19)

where µe is the atomic mass per electron as defined before, not to be confused with the
chemical potential.

For brevity we will omit the subscript zero from the chemical potential. When we
replace the potential in the equation 1.2.17 with equation 1.2.19, and insert the density
from equation 1.2.6 in, we obtain

1

r2
d

dr

(

r2
dµ

dr

)

= −4πµemeGρ. (1.2.20)

In equation 1.2.6 we have already defined ρ in terms of dimensionless Fermi momentum
xF for the electrons in Fermi state. Additionally the chemical potential can be expressed
in terms of xF .

µ = EF = (m2
ec

4 + p2
F c

2)1/2

= mec
2(1 + x2

F )1/2

xF =

(

µ2

m2
ec

4
− 1

)1/2

(1.2.21)

This allows us to express ρ in terms of the chemical potential after which we are left
with the familiar equation.
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Chapter 1. Theory of White Dwarfs

1

r2
d

dr

(

r2
dµ

dr

)

= −4πmeµeGB

(

µ2

m2
ec

4
− 1

)3/2

(1.2.22)

The above equation basically shows that our parameter y in the equation 1.2.12 is equal
to rest energy normalized by the chemical potential µ/mec

2. This knowledge is useful, since
any additional effects to the physical description can be conveniently added to this equation.

We can proceed further by calculating physically relevant limits. If we take the ultra-
relativistic and non-relativistic limits, and follow the steps from equation 1.2.20, we obtain:

EF = µnon−r =
p2

F

2m
= x2

F mc
2 µr = pF c = xF mec

2

µnon−r =
(3π)2/3

2

~
2

µ
2/3
e m

5/3
e

ρ2/3 µr = (3π)1/3
~

(

ρ

µeme

)1/3

. (1.2.23)

By substituting the density to get the limiting forms of equation 1.2.22, we arrive at:

1

r2
d

dr

(

r2
dµnon−r

dr

)

= −λµ3/2
non−r λ =

G(2me)
7/2µ2

e

3π~3
(1.2.24)

1

r2
d

dr

(

r2
dµr

dr

)

= −λµ3
r λ =

4G(µeme)
2

3πc3~3
. (1.2.25)

It is apparent that the density profile determines the chemical potential of the star for
each mass shell. To reach a sensible solution of the differential equation, we need to impose
boundary conditions similar to the equation 1.2.10. At the radius of the object µ|r=R = 0
and at the center it should be constant which means dµ/dr|r=0 = 0. This means, µ is
defined with respect to the radius as

dµnon−r

dr
= − λ

r2

∫

r2µ
3/2
non−r dr (1.2.26)

dµr

dr
= − λ

r2

∫

r2µ3
r dr. (1.2.27)

With the use of dimensional analysis, we can define the function µ(r) accordingly. For
the ultra-relativistic case λ has the dimension inverse square of length times energy (cm−2

erg−2). This implies the chemical potential can be described with total radius of the object
λ and a function which depends on the dimensionless radius.

µ(r) =
1

R
√
λ
f(r/R).

where f represents the radius variation of the chemical potential.
This form immediately allows us to assess the dependencies of the density distribution

with the use of relations between µ and ρ (equation 1.2.23).

ρ(r) =
constant

R3
F (r/R).
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1.2. White Dwarf Structure

What we are interested in is the mean density ρ̄ which means we only need the average
value of the function F over the stellar radius. ρ̄ ∝ R−3 means the total mass of the object
is independent of the radius, i.e. the mass is constant at this limit. Since we know that
this is the stability limit for the white dwarfs, this constant mass corresponds to the critical
Chandrasekhar mass Mch.

To finally calculate the physical properties and the Chandrasekhar mass Mch , we
further simplify the differential equation by the dimensionless parameter ξ = r/R, which
scales the variability according to the total radius of the object. Then, we impose the
boundary conditions and solve the differential equation numerically.

1

ξ2
d

dξ

(

ξ2
df

dξ

)

= f3, f ′(0) = 0, f(1) = 0 (1.2.28)

The result for this regime is f(0) = 6.897 and f ′(1) = −2.1018. The derivative of the
function f at the surface is necessary to calculate the Chandrasekhar mass according to the
Gauss’ Law from equation 1.2.16.

GMch = R2 ∂φ

∂r

∣

∣

∣

∣

r=R

=
R2

µeme

∂µ

∂r

∣

∣

∣

∣

r=R

=
R2

µeme

−1

R2
√
λ
f ′(1)

Mch =
3.1

µeme

(

~c

G

)3/2

=

(

2

µe

)2

1.4587M⊙ (1.2.29)

This is the most important result of Chandrasekhar (1931) and has important implica-
tions for stellar evolution theory. This is the mass limit for the onset of collapse of a stellar
core. Above this limiting mass, the electron degeneracy is insufficient to support the force
of gravitation, and at the end of the lives of stars which host such massive cores, experience
collapse and end up as core-collapse supernovae.

However the Chandrasekhar limit is an approximation under the assumption of zero-
temperatures, simple chemistry and without the mechanical effects of angular momentum.
The initial corrections to the chemistry of the white dwarf interiors were made by Salpeter
(1961); Salpeter & Zapolsky (1967) which included the classical Coulomb energy of the
ion lattice, Thomas-Fermi deviations from uniform charge distributions of electrons and the
exchange energy due to spin-spin interactions.

An important outcome of the Salpeter (1961) corrections was that for high densities
inverse β decays become important, and electrons tunnel into the nuclei to form neutrons
which eventually change the effective chemical properties of the matter increasing the µe,eff .
When the core density reaches a certain critical value, the electrons begin to be pushed
inside the protons, which is also defined as the inverse β-process which creates neutrons
and neutrinos.

Effectively the new nuclear structure inside the white dwarf core is changed. As the
phase transition sets in, a part of the stellar core is composed of heavier nuclei, changing
the effective adiabatic index of the star. However, surpassing the critical density, ρcr, which
causes the onset of the phase transition is not enough to start the instability. This requires
either a large density difference between the core and the rest of the star (Ramsey, 1950),
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i.e.

ρ2

ρ1
=
A2Z1

A1Z2
> 1.5

or a chain of inverse β-processes between the electron and the nuclei due to the ever
increasing heavier core.

This in turn induces an extra constraint to the maximum mass and effectively decreases
it, which was shown explicitly by the zero-temperature models of Hamada & Salpeter
(1961). For a pure Carbon core, this can be qualitatively demonstrated by

Mβ
ch = 1.396M⊙ for C12 (1.2.30)

Another constraint that has an effect on the maximum Chandrasekhar mass is general
theory of relativity (GTR). Initially suggested by Kaplan (1949) and later precisely calculated
by Chandrasekhar (1964); Chandrasekhar & Tooper (1964), this effect is expected to break
the dynamical stability at densities lower than what is expected from the Chandrasekhar
zero-temperature limiting densities, and the white dwarf is expected to collapse at masses
smaller than the Chandrasekhar zero-temperature limiting mass values.

MGTR
ch =

(

2

µ

)2

1.43M⊙ (1.2.31)

This has important implications for the pulsations on the dynamical stability and histor-
ically was proposed as a test for general relativity. However any additional effects, such as a
deviation from the mass-radius models is not expected. This is because the estimated radii
are three orders of magnitude larger than the Schwarzschild-radius: GM/c2RWD ∼ 10−3.
Hence, we do not expect any effect on our mass determinations, as also noted by Koester
& Chanmugam (1990).

If we would compare the effects of the GTR versus the neutronization on the stability
of the core, since GTR effects also depend on the chemistry of the matter, as a rule we
would expect the critical densities to be as ρneutr < ρGTR, but the exact point of onset of
instability is harder to calculate. This problem has been undertaken by Hamada & Salpeter
(1961); Saakyan & Vartanyan (1964). The Chandrasekhar mass is decreased from 1.43
M⊙ to 1.367 M⊙ when both the GTR and Hamada & Salpeter (1961) corrections are
considered (Cohen et al., 1969).

In addition to the chemistry of the matter inside white dwarfs, any mechanical effect on
the pressure structure also implies a deviation from the theoretical zero-temperature radius.
The most efficient way to support the white dwarf structure is through angular momentum.
This extra support which causes a change in the pressure structure also effectively increases
the critical mass of the white dwarf. Although for uniform rotation not more than a 4
percent change in the maximum limiting mass is expected, the situation drastically changes
for differential rotation.

It was shown by Ostriker et al. (1966) that a stable configuration of arbitrary mass
can always be constructed for a given angular momentum. However models with realistic
physics and chemistry were calculated by Ostriker & Bodenheimer (1968) for white dwarfs
with masses between 1.3-4.1 M⊙.

16



1.2. White Dwarf Structure

MT
ch = Mch

(

1 +
3T

|W |

)

(1.2.32)

where T is the rotational energy and W is the gravitational energy.
Although not as strong as the angular momentum, a similar mechanical effect exists

for the influence of magnetism. As the magnetic energy M becomes comparable to the
gravitational energy W , the magnetic pressure affects the stability of the white dwarf,
increasing the radius fractionally by |M/W |.

The stable configurations inside the stars were initially investigated by Woltjer (1960);
Wentzel (1961) and later applied to the stellar structure and finally to mass-radius relations
by Ostriker & Hartwick (1968)

The possibility of magnetic pressure inside the white dwarfs was used to explain the
deviations from mass-radius relations by Mestel (1965). The additional effect of magnetic
pressure can be most simply included by modifying the Chandrasekhar mass,

MB
ch = Mch

(

1 +
3

2

M
|W |

)

. (1.2.33)

On the other hand the stable magnetic configurations were initially considered by Chan-
drasekhar (1956); Chandrasekhar & Prendergast (1956). However for our purposes, we will
not deal with the specific geometry of the stable magnetic configurations but rather the
overall magnetic energy. Even for the consideration of Ostriker & Hartwick (1968) where
the magnetism vanishes on the surface, magnetic energies as high as ten percent of the
gravitational energy are acceptable.

Since the mass estimate for a given radius depends on the (unknown) internal magnetic
field strength of the white dwarf, precise calculations with mass-radius relations taking
magnetism into account are beyond the scope of this work. We can use a simple energy
argument from Shapiro & Teukolsky (1983) to look at the effect of the magnetic energy on
the radius of the star. The total energy of the system is related to the gravitational energy
W of the system as:

E = − 3Γ − 4

3(Γ − 1)
= −3 − n

3
|W |

Approaching the extreme relativistic degeneracy limit, the star is near a n = 3 polytrope
and this implies a small change in energy results in a large change in radius:

∆E

E
= −∆R

R

The small change in energy can be supplied by a change in magnetic energy ∆M

∆R

R
=

3

3 − n

∆M
|W |

Defining δ as M/|W |, hence ∆δ = ∆M/|W | and assuming n to be constant as δ increases,
we find the radius to be:
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R = R0e
3

3−n
δ (1.2.34)

In this formula, as the star approaches complete relativistic degeneracy at n = 3,
This formula is not applicable since the radius rapidly increases. The same behaviour is
also observed in the results of Nauenberg (1972) for the mass-radius relations under the
influence of magnetism.

1.2.2 White dwarf cooling

One of the most useful applications of white dwarfs in astronomy is the age determination of
certain stellar populations, be it clusters or the Galaxy itself. After our extended discussion
on the fundamentals of the structure of white dwarfs, we can move towards the basic theory
of cooling.

According to stellar evolution, white dwarfs are the degenerate remnants of stellar
cores. Once nuclear burning ceases these cores contract until degeneracy pressure supports
gravitation. Due to the virial theorem, contraction heats the white dwarf. Due to the
degenerate conditions, the interior of white dwarfs are highly thermally conductive, which
causes the internal temperature to be uniform. This forms the base temperature of the non-
degenerate layers, in which each layer is in local thermodynamic equilibrium (see Sec. 1.3)
and energy is lost through photon diffusion.

The dichotomy of the isothermal degenerate core and the heat sink non-degenerate
surface allows the problem to be separated into two parts, in which the separate calcula-
tions of the total heat content and energy loss due to the luminosity of the white dwarf
characterizes the cooling timescales. In this section we give an outline of the simple cooling
theory and discuss shortly the recent literature on the cooling.

According to the elementary theory of cooling by Mestel (1965), the isothermal core of
temperature T cools by photon luminosity L and the thermal energy inside the white dwarf
is provided by the non-degenerate nuclei (see e.g. Shapiro & Teukolsky, 1983):

Q̇T = −L, QT =
3

2
kT

M

Amu

tcool =
3

5

kTM

AmuL
(1.2.35)

k is the Boltzmann constant, M is the mass of the white dwarf, A is the baryon number
and mu is the atomic mass. When we integrate this equation we obtain the cooling time,
tcool = t− t0, wherein t0 is the time when the cooling starts at an initial core temperature
T0, after the envelope from the planetary nebula phase has been shed. Assuming a simple
Kramers’ Law (see e.g. Mihalas, 1978, and equation 1.3.35) for the opacity this result leads
to a cooling age of

tcool ≈ 9.41 × 106yr

(

A

12

)−1
(µe

2

)4/3
(M/M⊙)5/7

(

L

L⊙

)−5/7

. (1.2.36)

There are other factors effecting the white dwarf cooling like neutrino losses and crys-
tallisation and they are all taken into account in the detailed evolutionary models that we
used. However, for some approximations in the following sections we will use this simplified
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theory which is reasonably accurate on the hot end (> 30 000 K) of the white dwarf cooling
sequence.

One should note that all of these theoretical efforts were made under simple assumptions
and for a zero temperature. For more precise models of white dwarf cooling we need
more elaborate evolutionary models. First of all, luminosity is not the only energy loss
mechanism, and depending on the temperature of the white dwarf, other effects such
as nuclear burning, neutrino losses, and the gravitational energy released from physical
separation processes in the core might affect the result. Also, at high temperatures, the
assumption of degenerate cores being isothermal, does not hold. Additionally, the energy
loss and the hydrostatic balance are coupled. Namely, the pressure balance depends on
the temperature and density. This requires the simultaneous treatment of thermal and
hydrostatic evolution. The implementation of these physical details makes self-consistent
stellar evolution models necessary. This task has been undertaken by the models of Wood
(1995); Althaus et al. (2005) in varying detail.

As mentioned before, the question of age assessment can be separated into two different
problems, the evolution of the internal structure and the luminosity from the atmosphere.
This means, to achieve estimates on the age of a white dwarf through observations depend
on atmospheric modeling. In the literature, the collaboration of evolutionary models and
the atmospheric modeling exists and the resulting calculations were made accessible to the
community. Holberg & Bergeron (2006) used the carbon-oxygen (CO) core white dwarf
evolutionary models of Wood (1995) for the basis of their thick layer (MH/M∗ = 10−4)
atmospheric modeling and produced the synthetic magnitudes for white dwarfs of varying
masses and ages1. For the white dwarfs with oxygen-neon (ONe) core cooling models with
hydrogen layers of MH/M∗ = 10−6 exists (Althaus et al., 2007) that are based on models
of Althaus et al. (2005) 2.

In the following chapter we will discuss the details of atmospheric modeling, however
not for the aforementioned non-magnetic models but for the magnetized atmospheres which
are focus of this work.

1http://www.astro.umontreal.ca/∼bergeron/CoolingModels
2http://www.fcaglp.unlp.edu.ar/evolgroup/tracks.html
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Chapter 1. Theory of White Dwarfs

1.3 White Dwarf Atmospheres

1.3.1 Radiative transfer

Photons are the most common tool for information transfer. This is true both for terrestrial
and astronomical conditions. Unlike neutrinos, photons interact with normal matter easily
and at the same time not as interactive as the ionized high energetic particles (i.e. cosmic
rays) which interact with magnetic fields and cause showers in the upper atmosphere.

To get relevant information about astronomical objects we need a consistent theory
of light and the propagation of light in matter. This has been one of the most important
areas of research before and during the Copernican revolution. Our current understanding
of light and seeing was developed starting from Alhazen (Ibn al-Haytham), Rene Descartes
and Isaac Newton, who developed a theory of optics in addition to important discoveries in
other topics. Finally, a wave theory of light was proposed by Christian Huygens, but James
Clerk Maxwell was the one who implemented this concept completely. Maxwell’s unification
of electromagnetism, prompted the understanding of radiation as an electromagnetic wave.

In addition to the wave explanation, the corpuscular nature foreshadowed the photon as
a particle, which eventually led to the complete picture of the interaction between light and
matter with the advent of quantum physics. The nature of the photon as a particle with
a spin of one, naturally explains the black body temperature and the quantized behaviour
led to an understanding of emission and absorption of atomic lines.

To analyze and quantify radiation we start by defining the radiant energy (see e.g.
Chandrasekhar, 1960), dEω emitted in a frequency interval (ω, ω + dω), in a certain solid
angle Ω, through an area dσ, during a time interval dt. The physical dimension that holds
this energy is called intensity Iω, hence the radiant energy is defined as:

dEω = Iω cos θdωdσdΩdt (1.3.1)

where θ is defined as the angle between the direction of the radiation and the normal to
the surface dσ. As light passes through a medium it can be absorbed, emitted or scattered
hence the amount of intensity depends on the position and the direction of the radiation.

To explain the change in radiation as it passes through a medium of thickness of ds in
the direction of the propagation, we can start by defining:

dIω = −κωρIωds (1.3.2)

as the change of intensity. Furthermore now we can define the loss in energy as

dIω
ds

dsdωdσdΩdt = −κωρIωdsdωdσdΩdt (1.3.3)

where κω is the (mass) absorption coefficient for a photon of frequency ω and ρ is the
density of the material.

When the material is emissive the opposite case applies. The radiant energy from a
mass dm of material, for the solid angle dΩ, at a frequency interval (ω, ω+ dω) during the
interval dt is jωdmdωdΩdt.

If we prefer to use the density of the material where ρ = dm/dsdσ we end up with a
more familiar jωρdsdσdωdΩdt

The transfer of the photon is affected by absorption, emission and scattering. However,
the question of scattering becomes negligible under the assumption of local thermodynamic
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1.3. White Dwarf Atmospheres

equilibrium (LTE). According to LTE for each point in the atmosphere, a local temperature
T can be defined where absorption is proportional to emission with the factor being Planck’s
function for that local temperature, according to Kirchoff’s law.

jω = Bω(T )κω (1.3.4)

where the source function Bω(T ) is defined as the Planck function:

Bω(T ) =
2hω3

c2
1

ehω/kT − 1
. (1.3.5)

Here k is the Boltzmann constant and h is Planck’s constant.
Using these assumptions and definitions we can write the radiation transfer equations

through the energy equalities of equations 1.3.1 and 1.3.3.

dIω
ds

= −κωρIω + jωρ.

In terms of the source function Bω, this yields:

− 1

κρ

dIω
ds

= Iω −Bω(T ). (1.3.6)

Formally it is easy to solve this transfer equation with the use of optical depth τ

τ(s, s′) =

∫ s

s′
κρds

which in turn yields a solution of

I(s) = I(0)e−τ(s,0) +

∫ s

0
B(s′)e−τ(s,s′)κρds (1.3.7)

If we solve these transport equations considering a plane-parallel system, we can easily
use a coordinate system instead of the arbitrary s and s′ displacements. z becomes the
distance and θ the angle relative to the normal of the surface and ψ is the azimuth relative
to the x axis.

− cos θ
1

κρ

dI(z, θ, ψ)

dz
= I(z, θ, ψ) −B(z, θ, ψ).

This equation is simply written as:

− µ
dI(τ, µ, ψ)

dτ
= I(τ, µ, ψ) −B(τ, µ, ψ). (1.3.8)

with the description of τ analogous to the former case and µ = cosψ.
The solution for the outward radiation becomes:

I(τ, µ, ψ) = I(τ1, µ, ψ)e−(τ1−τ)/µ +

∫ τ1

τ
B(τ, µ, ψ)e−(t−τ)/µ dt

µ
(1.3.9)

These are the equations that form the basis of radiative transfer. Up to this point
we have considered the whole flux of the light, however light carries different components
of the electromagnetic vector. These different components might react differently when
transferred inside an inhomogeneous medium, which is the case in a magnetised medium.
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Chapter 1. Theory of White Dwarfs

1.3.2 Polarized radiative transfer

Now we would like to construct the same transfer equations and their formal solutions
for polarized light. Unlike the last section where we considered light as a ray of energy,
we would like to consider different components of its electromagnetic vector. For this we
need to understand the nature of light using the Maxwell’s equations and see how different
components of the electromagnetic vector decompose into different components. Let’s
start with the sourceless Maxwell’s equations in vacuum.

∇ · ~B = 0

∇× ~B =
1

c
∂t
~E

∇ · ~E = 0

∇× ~E = −1

c
∂t
~B (1.3.10)

∂t is a shorthand for ∂
∂t . Then we construct the wave equations by taking the curl of the

induction equations:

∇× (∇× ~E) = −1

c
∂t(∇× ~B) = − 1

c2
∂2

t
~E

∇× (∇× ~B) =
1

c
∂t(∇× ~E) = − 1

c2
∂2

t
~B

We further use the vector equalities and the lack of divergence in the sourceless equa-
tions to simplify.

∇× (∇× ~B) = ∇(∇ · ~B) −∇2B ∇ · ~B = 0

= −∇2B

This applies for both of the curled Maxwell equations:

∇2B = 1
c2
∂2

tB ∇2E = 1
c2
∂2

tE
(

∇2 − 1
c2
∂2

t

)

B = 0
(

∇2 − 1
c2
∂2

t

)

E = 0

The equations with the squared derivative of the position and time vectors are sim-
ply the Poisson equation in 4 dimensions in vacuum, where the unit vectors are xµ =
[x1, x2, x3, ict] = [~r, ict]. The derivative operators turn out to be,

∂

∂µ
= ∂µ =

[

∂1, ∂2, ∂3,
1

ic
∂t

]

The Poisson equation for both the electric and magnetic field shows that the solution is
oscillatory. Since the electric field satisfies the wave equation, it is represented as E(kµxµ)
where xµ is again the position vector and the kµ is the amplitude. kµ like xµ should be a

null vector, i.e. r2 = c2t2. Meaning kµ = [k1, k2, k3, iω/c] = [~k, iω/c]. The null condition
yields the dispersion equation for electromagnetic waves in vacuum: ~k2 = ω2/c2. In effect
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1.3. White Dwarf Atmospheres

the definition of the electric field becomes E(kµxµ) = E(~k · ~r − ωt). Looking at the wave
equation again the formal equation becomes:

(

∇2 − 1

c2
∂2

t

)

E(~k · ~r − ωt) = 0.

For this condition to be satisfied E needs to be a harmonic equation, meaning it needs

to be proportional to ei(
~k·~r−wt). We are concerned with the real part of the harmonic

function, ℜ(ei(
~k·~r−wt)) = cos(~k · ~r −wt) but the imaginary part also has an important use

in order to describe the phase difference. Hence, an electromagnetic plane wave in vacuum
is described as:

~E = E0e
i(~k·~r−wt). (1.3.11)

With the use of this description the electric field can be separated into its vectoral
components:

~E1 = ǫ1E1e
i(~k·~r−wt)

~E2 = ǫ2E2e
i(~k·~r−wt).

The separation into two components is enough for the description of the electromagnetic
wave in 3-dimensions since, with the ~k vector, they form a basis. Hence, any kind of 3-
vector basis can be set up as long as the arbitrary 2 vectors form a plane, perpendicular to
the vector ~k.

This choice is made to be experimentally convenient since the Stokes parameters I, Q,
U , V correspond to sums and differences of measurable quantities. Considering three sets of
Cartesian planes as (x̂, ŷ), (â, b̂) which is the same Cartesian plane only with 45◦of rotation
and finally (l̂, r̂) that corresponds to left handed and right handed rotation. This rotation
is achieved by retarding one component against the other by using the phase difference
induced through imaginary numbers. This simply means:

l̂ =
x̂+ iŷ√

2
~r =

x̂− iŷ√
2
.

Finally the Stokes parameters are defined as:

I = |Ex|2 + |Ey|2

Q = |Ex|2 − |Ey|2

U = 2ℜ(ExE
∗
y) = |Ea|2 − |Eb|2

V = 2ℑ(ExE
∗
y) = |El|2 − |Er|2.

Now we have description of the vectoral components of a plane electromagnetic wave
in vacuum and we can start considering how these different components of the radiation is
transferred. In fact the Stokes parameter I corresponds to the intensity I that we used in
the transfer equations in the former chapter.
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Chapter 1. Theory of White Dwarfs

Due to the number of the Stokes parameters, the transfer equations for polarized
light also consist of a set of differential equations. These equations include absorption
coefficients for all Stokes parameters and additional parameters describing the phase shift
between different polarization modes, which are called the magneto-optical parameters.

These equations as defined by Hardorp et al. (1976):

µ
d

dl













I

Q

U

V













=













κI

κQ

0

κV













B −













κI κQ 0 κV

κQ κI −ρR 0

0 ρR κI −ρW

κV 0 ρW κI

























I

Q

U

V













As mentioned above, κI,Q,U,V are absorption coefficients for specific Stokes components
of the light and the ρR,W parameters are the magneto-optical parameters which are called
Faraday rotation and Voigt effect respectively. Finally l is the path length. This form was
derived by Unno (1956), and with the use of µ, the solutions are generalized to arbitrary
angles and accordingly with the convenient choices of reference κU was taken to be zero.

For simplicity let’s construct the matrix forms of these differential equations:

µ
dIα

dl
= Sα −AαβIβ (1.3.12)

The coupling in these sets of equations is induced by Iβ. It can be rectified by taking
out the diagonal component inside the matrix Aαβ = κIδ

αβ + κIM
αβ and defining the

generalized source function Qα accordingly;

Qα = Bα −MαβIβ , Bα =
1

κI
Sα, dτ =

κI

µ
dl (1.3.13)

With the use of these definitions we end up with a simple formula:

dIα

dτ
= Iα −Qα (1.3.14)

There are multiple methods to solve this set of equations. Initially Unno (1956) assumed
that the opacities are constant and that the source function is linear in optical depth and
solved the equations analytically. Martin & Wickramasinghe (1979) took advantage of these
approximations and used the analytical solutions as boundary conditions at the lowest layer
to solve for the whole atmosphere.

Iα = Iα
a + Iα

b τ +
4
∑

i

Iα
a e

aiτ (1.3.15)

B = Ba + γτ (1.3.16)

This expansion is inserted into the set of transfer equation, then the coefficients and
ai in the exponential is evaluated by comparing the constant linear and exponential parts
on both sides of the equation.

There are also more modern methods in solving the polarization transfer equations.
Another numerical method called Accelerated Lambda Iteration (ALI) is outlined in Deetjen
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1.3. White Dwarf Atmospheres

et al. (2003). In this method, polarized radiative transfer equations are approximately
solvable by lambda iteration, at each layer:

Iα = ΛdQ
α. (1.3.17)

However, the solutions of this method is not exact, and we can express the difference
of with the formal solution:

∆Iα = (Iα − Iα
FS) = Λd · (Qα −Qα

FS) (1.3.18)

With the usage of Takeda (1991), a good approximation of the ∆Iα can be solved.
ALI provides a smooth solution and takes electron scattering into account.

Another method currently in usage is referred to as APPROX (Jordan & Schmidt,
2003) and it takes the advantage of the generalized Stokes parameters for the case of large
Faraday rotation (Ramaty, 1969), which is always applicable for the MWD atmospheres.
Large Faraday rotation implies the average phase difference between the polarization ellipses
to be 0 and enables the decoupling of transfer equations.

µ
dI±
dτ

= α±

(

B

2
− I±

)

(1.3.19)

Here I+ is the ordinary mode of radiation and I− is called the extraordinary radiation.
µ is again cosθ, the angle between magnetic field vector and the normal vector to the
surface. Finally B is the usual source function. The transfer equations are described simply
by opacities α±. Then the formal solution is:

I± =
B

2
(1 − e−α±l) (1.3.20)

where l is the path traveled by the photon. Moreover according to Ramaty (1969), Stokes
parameters can be calculated simply as:

I = I+ + I−

Q = I+

(

1 − a2
+

1 + a2
+

)

+ I−

(

1 − a2
+

1 + a2
+

)

U = 0

V = I+

(

2a+

1 + a2
+

)

+ I−

(

2a+

1 + a2
+

)

(1.3.21)

where

a±(ω/ωH , θ) =
2(ω/ωH) cos θ

− sin2 θ ±
√

sin4 θ + 4(ω/ωH)2 cos2 θ
. (1.3.22)

All of these solutions were compared in terms of accuracy and computational speed,
and it was shown that they are equivalent (Jordan & Schmidt, 2003).
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1.3.3 Opacity sources

Regardless of the method, we need the opacities to calculate the resulting flux. These
opacities reflect different mechanisms which the photons induce on the atmospheric mate-
rial. We have already noted that LTE is applicable to the white dwarf atmospheres, which
means we are dealing with thermal absorption processes (Mihalas, 1978). As opposed to the
contrary case of energy loss by scattering, in absorption the photon completely disappears,
transferring its energy to the thermal energy of the medium.

The type of absorption that the photons are subject to is defined by the initial and final
state of the electron with which the photon interacts.

Bound-bound opacities

The bound-bound opacities are the result of photoexcitation. Namely, photons exciting a
bound electron to a higher energy level. This requires a knowledge on the energy levels of the
atom. For the non-magnetic case, the calculation of the energy bands are rather simple due
to the degeneracies of the energy levels of numerous quantum numbers. However, under
the effect of external fields, the degeneracies of the spin and orbital quantum numbers
are broken. Hence, due to the diverse energy states involved, the calculations become
numerically complicated.

These transitions have been studied extensively using the advent of increased computa-
tional power, starting in the 80s by groups at Tübingen (Roesner et al., 1984; Forster et al.,
1984; Wunner et al., 1985; Wunner & Ruder, 1987), Louisiana State University (Henry &
Oconnell, 1984, 1985) . The most extensive review on the theoretical basis of the behaviour
of atoms under high field strengths can be found in Garstang (1977).

The solution of the energy levels and transition probabilities inherently depend on the
strength of the field. Accordingly, the Hamiltonian of the electrons under the influence of
magnetic fields is constructed and investigated in relevant field regime. To construct the
Hamiltonian we start by the field free energy of the Hamiltonian and than add the effect of
the magnetic field.

Hamiltonian of a free electron is defined as ~p2/2m, and under the effect of the magnetic
field the free momentum ~p becomes ~p+ e ~A according to the results of classical mechanics
and −e being the charge of an electron (Although the rest of the thesis is in CGS units,
this part is calculated in SI units for brevity). Then our Hamiltonian becomes:

H =
1

2m
~p2 → 1

2m
(~p+ e ~A)2. (1.3.23)

To put our Hamiltonian into a convenient form we need to construct the vector potential
~A. The fundamental relation between ~B and ~A is,

~B = ∇× ~A (1.3.24)

For our purposes we assume that the magnetic field is homogeneous and directed along
z axis: ~B = [0, 0, Bz]. This implies, according to equation 1.3.24, that the vector potential
~A has only x and y components. This means, with a choice of Coulomb gauge, that:
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1.3. White Dwarf Atmospheres

∇ · ~A = 0 (1.3.25)

∂xAx + ∂yAy = 0

∂xAx = −∂yAy

A = −Ayx̂+ Axŷ
~A = [−Ay,Ax, 0]

neglecting the constants of integration. This assumption is physically admissible since ~A is
gauge invariant and any additional constants do not imply a physical difference.

Inserting this result into the equation 1.3.24 we end up with

~B = Bz = ∂xAy − ∂yAx = 2A

A =
Bz

2

~A =
1

2
(−Bzyx̂+Bzxŷ) =

1

2
( ~B × ~r).

as the vector potential. Now we can continue with our exploration of the Hamiltonian.

H =
1

2m
(~p+ e ~A)2 =

~p2

2m
+

e2

2m
(~p · ~A+ ~A · ~p) +

e2 ~A2

2m
(1.3.26)

In this representation the Hamiltonian can be decomposed into three parts. The first
part with only the momentum corresponds to classical kinetic energy HKE. The terms with
linear dependence to ~A correspond to HmagI and terms in quadratic dependence in ~A are
grouped as HmagII .

We continue by simplifying the HmagI according to our description of the vector po-

tential. First, the vector potential, ~A, and the momentum operator p = −i~∇, commute.
Thus, HmagI = e(~p. ~A)/m and:

e

m
~p. ~A =

e

2m
~p · ( ~B × ~r) =

e

2m
~B · (~r × ~p)

=
e

2m
~B ·~l

where ~r× ~p = ~l is the angular momentum of the electrons. Additional effects are expected
to this part of the Hamiltonian from the spin interaction in addition to the orbital angular
momentum defined above. The interaction of the spin with the magnetic field is defined
as (gEe/2m) ~B ·~s where ~s is the spin angular momentum which has eigenvalues of ±1/2~.
The addition of this term yields the linear Zeeman Hamiltonian:

HmagI =
e

2m
~B · (~L+ ge

~S) (1.3.27)

For a general definition, we refer to the total orbital angular momentum L and total
spin angular momentum S in case of a system with multiple electrons.

Next we consider the quadratic Zeeman term which is relatively simpler which ~B×~r =
Br sin θ. Considering the addition of the energies of many electrons, the Hamiltonian
becomes;
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